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• 	 Mathematics Extension 2 

Total markl;---120 MarksGeneral Instructions: 

I
I 

• 	 Attempt questions 1-8.• 	 Reading time-5 minutes. 

• 	 All questions are of equal value. • Workiug time-3 hours. 

• 	 Start each question in a separate 
answer booklet. 

• 	 'liVrite using black or blue pen. 

• 	 Board approved calculators may 

be used. 


• All necessary working should be Examiner: Ml' P. Bigelow
shown in every question if full 
mark. are to be aW1lJ'ded. 

• 
• Mark. may NOT be awarded for I 

me.s.<;y or badly arranged work. I 

This is an assessment task only and does no L necessariiy reflect . 
the content or format of the Higher School Certificate. 

Mal-ks 

Question 1 (J 5 marks) 

y 

p (z) 

-4 o 
-.... ---jr:---:.- x 

Copy the diagram 
onto your answer booklet.. 

Carefully indicate the 
position of the following: 

-4 

(il 	R representing ii, 


(J representing 
 •
1 

(iii) S representing 

(iv) T representing "Ii. 	 [] 

(b) The complex number z is given by z = -1 + 
(i) 	Show that z? = 2z. 

Evaluate Izl and argz. [] 

(iii) Show that is a root of the equation z3 - 8 O. 

(e) 	 On an Argand diagram, shade the region where the inequalities 

o:5 9le(z) :5 4 and Jz - 1 +il :5 4 both hold. 

(d) If Z2 i, find z in the form a -1- ib where a and b are real. 	 me 
(e) 	 Give reasons why each of the following statements is true or false. 

It is not necessary to evaluate the integrals. 
1 eX e-X 

(i) 1 . dx O. 	 [] 

11 
-1 

x6 dx < 11 x	 []7 dx. 

1"sin4 xdx > I sin4xdx. 
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Question 2 (15 marks) 
(Start a new writing booklet) Marks 

t dx
(a) Evaluate io 

(b) 	 (i) Find a, b, and c such that. ~ 
x2 -+ 5x - 4 a + hx -+ c 

+ + 

(ii) Hence find J.,-----' dx. ~ 

Find J using x = sec O.

• 
(d) 	 (i) Show that 4 x 

j 21f{:_X
Hence or otherwise find -4-- dx. 

_2+ X 

(e) 	 Find 11 2xtan-1 xdx. 

,. 

Question 3 (15 
(Stali, a now writillg 

Marks 

(a) 	 Y The point P in the Argand diagram 

reoresents Lhe complex number z.
Q 

OPQ is 
OPR is 

p (z) 
_J-k:: ) X 

(i) Find, in tenns of z, the complex number represented by the point Q. 

(il) 	Find, in terms of z, the complex number which represents the vector 


If R represents the complex number 'W, show that w3 -j Z3 O. 
 • 
11'

(i) Given that y=x In(secx+tanx), a< x < 2' Show that sec x, 

?r
(ii) 	 Hence show that x < +tanx) for 0 < x < 2' 

(e) It is known that 2 + i is a root of the equation x6 - 7x' + 31x2 - 25 = O. 

(i) Give a reason why 2 - i is also a root of the equation. 

Give a reason why -I- i) is also a root of the equation. 

Find the other three roots, giving reasons (it should not be necessary to use 
long 

• 
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Question 4 (15 marks) 
(Start a new writing booldet) Marks 

xF y2
(a) 	The ellipse ;:;i + h2 1 (where a > b > 1) has eccentricity e 112. 

The point (2, 3) lies on the ellipse. 

(i) 	 Find the values of a and b. r~ 
Sketch the graph of the showing clearly the interc:epts on the axes, 
the eoordinates of the foci, the equations of the directrices. 

(b) (i) Show that P (2.J2oos 0, 3.J2sinB) lies on the ellipse ~: +"1C. 2. 
4 9 

. 3 cosO
Show that the slope of the tangent at P IS 

• (iii) Find the equation of the normal to the ellipse at P. 

Find the value of f) to the nearest degree if the normal passes through the 
point 

At a dinner party there are twelve people, consisting of six married couples. Each 
of the women wears a different coloured scarf. The husband of each woman has 
a matching colour tie. 

(i) 	The dillner takes place at a circular table. Find how many seating arrangements 
are possible if the women and men are in alternat.e posit.ions. 

(ii) A oommittee of six 	is to be formed from the women and their partners, 
where not more than one of the six colours can be represented. How many 
such committees are possible? 

., 
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Question 5 (15 
(Start a new writing OQOKlel» 	 Marks 

(a) 	 (i) Prove that for any polynomial P(x), jf k is a zero of multiplicity 2, then h
is also Ii zero of P(x). 

(ii) 	 Show Lhal j, 1 is a double root of x"" - nx,,+J "x,,-I - I O. 

x 2 
(b) 	The region shown in the diagram, bounded by the curve y -o-~·, the x-axis, 

x- + 1and the line x 2, is rotated about about the line x '"= 4. 

11 

P(x, y) 

• 
---..,.. x 

ox 2 
Ol~--

(i) Using the method of cylindrical shells, show that the V1llllme OV of a. shell 

dist.ant x from the origin is given by: 011 "" 211"(4 x) ('1 - ~-2) ox. 
1+x 

Hence find the volume of the solid. 

(c) An object of mass mkg is thrown vertically upwards. Air resistance is given by 
R = O.05mv2 where R is in Newtons and vms'· 1 is the speed of the object . 
(Take 9 9.8rns-2 .) •(.) Expl' h h t' f t' ... (196 +V2) I . t.11 	 < am w y t e equa IOn 0 IIlO Ion IS x - -w- w lere x IS 18 

of the object t seconds after it is throwll. 

(ii) 	If the velocity of projection is 50 ms-I, find the time taken to reach the 
highest point. 
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Question 6 (15 marks) 
(Start a new writing booklet) 

(a) Consid<.'r the curve X2 - xy + yZ ~ 3. 
2x-y

(i) Show that = - 
X 2y 

Marks 

[II 

Hence find the two stationary points on the curve. 

Find any values of x where there are vertical tangents. 

(b) 	 y 

ry=J(x) 

• 
----~------~~------r_----~~~--------------~~x 

-1 

The sketch shows I.he graph of y = 
y -1 and vertical asymptotes at x 
of the following:

• (i) y 

y 

Iyl = lex) 

y 

l(x). There is a horizontal asymptote at°and x -4. Draw separate sketches 

III 
o 
o 

2 

(i) By considering the perfect square (y'X - :x) ,show that x + ~ ;:0: 2. o 
For an a > 0, b > 0, and c > 0, find the smallest possible values of 

(a) 	(a +b) G+ 
([3) 	 (a +b+c) G+ b+ D 
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Question 7 (15 marks) 
M"'lTks(Start. a new writing booklet) 


Let 1JJ be a nOll-real root of Z1 .- 1 O. 


(i) Show thaI; 1 + 1JJ +w 2 +w3 -f w' + .",fi + 1JJ6 = O. 

Show th1et (1 +111)(1 + tV4) 1. 

4
Form quadratic equation with roots ('w +w2 + 'Ul ) and +'UI" -I 

(iv) Sketch on an Argand diagram all seven roots o[ 21 O. 

(b) (i) Show that. if n is any even positive integer, 	 o 
nIl 

then (1+ +(l-xt 22..= 
k~O 

(ii) An alphabet consists of the t.hree letters A, B, and C. 
(a) Show that the number of words of five letters containing exactly two • 

As is given by @x 23. 

(/3) Using (h)(i) and (ii)(a), or otherwise, show that if n is an even positive 
inte~er, then the number of words of n let.ters with zero or an even 
number of As is given by !(3n + 1). 

x 	

A solid has top and bottom facr;;.;;(c) 
which are parallel rectangles 
of dimensions 9 x 4 units and 

I 
1 3 x 2 uni ts respectively. The 

altitude of the solid is 10 nnits. 

3 

(i) 	 A rectangle of dimensions x and y units is h units from the base. Assuming 0. 
tbat x and yare linear functions of h, or otherwise, show that a; = ~ + 3 

h 
and y "5+2. 

By considering a thin slice of volume nV, thickness oh and dimensions 

x x y units, show that 8V 	 Hence by integration (3; +3) (~+ 2) oh. 

find the volume V of the solid. 
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. 

."....,.,-~---

• 
D 

ABCD is a cyclic quadrilateraL The AC and BD intersect at right
angles at X. M is the mid-point o( BC. MX produced meets AD at N. 

(i) Copy the diagram showing the above information. 

Show that MBX = 

(iii) Show that MN is perpendicular t,o AD. 

(b) Consider the integral I" = 11 X2n +1 e-s' d.'fJ. 

It is given that 0 ::; x:2n+'e-x ' ::; 1 (or a x L 

(i) Briefly explain why a ::; In::; J, 

(ii) Use integration by parts to show that I" 1 + nln-l> for n ;:::: 1. IT! 

(iii) Show that 10 = ~ - L ~ 

• 
2 2e 

(ilf) Prove by induction that, for all n;:::: 1, l]] 

1+2.+2..,.2.+, .. +2. e-
II 2! 3! nl 

1 1 J 
(v) Deduce that 1 + - -I- - +... e IT]

1! 2! 31 . 

End of Paper 
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Question 8 (15 marks) 
Mar-ks(Start a new writing booklet) 

B
Ca) 

c 
A 

..,....,.. <Jg 



n·c,_" U.J g« III 

Li 

ir"-~·'~~"'-
-, -( 

--;::'1 ,+-~;::..... 

~) 
.Y 

-"(w-) 

2 ~::: I - 2/1, L '3 


=- -:2 -ZEL 

--, .

~2. ' 
2. Z 	 ::: - '2 - 2E...:- ~ 

(ir) 12- ~__ J~f", 2. 

#t~ 2 ~ 10000-' - ./3 

::; fZ 

€-)_ 
-~·-,-·,.-I 

\ 

--c:;;:r... 
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2-1--4~1l71.- Question 2
0- 1-1')1) '. {E-1 

(a) 
a; O}.t-b·! " I 

&J ~1_ 10'" "0 


Lctu=xtl; whonx=l,u=2andX O,U I 
--(D.a; a"'-",CI <lu =cl~ 

0.. +-1 
- [7

d) ". Z- b"'~-
+- 1

" - 1t 
2. '" + (.1- -1-.1 L'\

~\fi --- '"2 I 

= 

'--it 

-+--------

(b) (i) x' t5x-4 a bx+c 
-~.~-~. -.----------..-

(x-I)(x'tl) x-I +1 
Multiplying botb sides by the LHS denominator: 

x' +5x -4 '" a(x2 +1) +(bX-l-C)(x-I)
{ 1 __fwLS_f "'ax' tatbx2 -bx+cx-c

".At Q ---- (atb)x2 

Equating coefficients of corresponding powers: - . - .. _...-... 

x': l=atb (I) 

Xl: 5= -b+c ----(2) 

x":-4=a -c ..--(3) 

(l)t(2):6=atc (4) 

=2a 

:. a=1 
InCI): I Itb 

b=O 
In(3):-4=1-c 

c=5 

(li) 	 f i'+5x-4 dx= 
(x-I)(x2+1) 

xtC 



(0) 
Let x~secO; dx=secBtanOdO 

0-1 

fsecOtJmOdO 
= sec oItan 01 
= J(±l)dO 

=±e+c 

=±tan-I ~xl-l +C 

A!terrurtively 

or 

I =cos 1 

(d) (i) 
RTP 

(4-x)(4-X) 
LHS =.I( )( )4+x 4-x 

4-x 

(e) 
x<,x I' d (2) x ,~<., 1 ._,.. x· tan , 

o clx 

tan'·' x -]'0 x'~tmf' xd~ 
dx 

X'·JC ---dx 
4 	 [-,·x' 

1+x'-1 

" 
=!!..-t1dl:+ 

4 ,f0 

x-]' 
-. 

=!!..-l+~ 
4 4 

=!!..-l 
2 

= RHS (QED) 

(ii) f2 ~-x f2 4-x-dx= --dx 

-2 4+x _2~16-x2 


~f2 	 8-2x 
2 -2 

1 f2 8 1 f2 -2x =-	 ---dx+- ---dx 
2 -1~16-x2 2 _2~16-x2 

~[%x8xsin-1(i)1 +[~16-,x2I 

=4(~-(-~)) 
4JC 

---~-..,.~------ ~----------

3 

I 
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Q''''8tioll 7 

Ca) z'-kO 

(i) IIW+~?+W:l+w"+w'+w"isaGPwherea l,,."~w, /F'7, 

S, =_(~r')
1-,. , 

I-w' 
1
I-
I w 

o 


(ii) 

2 <1 ') 6) 1 
i'" 

w+w +w:I +w +w +w +w 

=0+1 

(iii) One such equatioll is the monic quadratic 

w' +w' ))(z-(w· +w' +w3 ))= 0 


Sum of ro()t~ = -1 (See Part (i)) 

2Product of roots "'(W+.1I + w')(w· + w' +111') 

=w'+w'+~+w'+w'+w'+~+w'+w' 

=I+ll +w' +w+ I+W5 +w' +W2 +1 


+w' +w' +w' +w6 
) 


2 

Thus the equation is Zl +Z +2 = 0 


(lv) 271: 
All angles 7 

')ine 
' 

/
w' 



(0) 	 (i) x rlb+/) 
(b) 	 (i) When II 0, x=Jand whcnh=lO, X=9,NO

RTP: (l+x)"+(l--x)" "C"x" 
1=h 

LHS =1+ "C,x+ "C,xz+ ... + +x" +1- "C,x+ "Czx' +x" 

2+ 2"C,x2 + 2"C4X
4 + ... +2x" 

RES (QED) 

(ii) (a) Two As can be arranged in 'c, ways. The remaining three letters can be 

chosen from 2 letters each, in 23 ways. 

Hence the no. ofways overall is 'Cz >< 23 

= 80. 


(/3) 	 For 0 As: 2" 


For 2 As: 2 

IIC X 2,,-2

"C ><2,,-4For4 A.~: 4 

For n·-2 As: "C
h

_2 ><2' 


FornAs: "C,,><2°.=1 


:. Total 


"Czk 2" 

=H(l +2)" 


=H3" 

since n is even. 

(ii) 

1 
e=

5 
h 

:y=5+2 

8V =xy8h 

Clearly 

Thus 

V= 

25 

;5 !'(3h' +30h+ 15h+ 150)dh 

=190 unit> 

9= IOa+h 

+3 

6= lOa 

a 
5 

:.x=':!'h+3 
5 

y=ch-I·d 

When h = 0, YO" 2 and whenh 10, y=4,so 

2=d 

4=IOc+d 

IOc+2 

2 lOe 

. ----~.".~'-
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