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Mathematics Extension 2

General Instructions:

Reading time—5 rinutes.

.

‘Working time—3 hours.

Write using black or blue pen.

»

»

Roard approved calculators may
be used.

All necessary working should be
shown in every guestion if full
marks are to be awarded.

Marks may NOT be awarded for
messy or badly arrapged work.

Total marks—120 Marks
» Attempt questions 1-8.
« All questions are of equal value.

o Start each question in a separate
answer booklet.

Examiner: Mr P. Bigelow

This is an assessment task only and does not necessarily reflect .
the content or format of the Higher School Certificate.

Question 1 (15 marks)

(s} v
: P
Copy the diagram
onko your answer booklet.
. T
ik o 2 4
Carefully indicate the
position of the [ollowing:
g )

(i) R representing %,

(ii) ) representing —3z,
P 3 1

(iif) S representing —,

(iv) T representing +/Z.

{b) The complex number z is given by z = —1+ /8.
(i) Show that 2% = 2%.

(i) Evaluate |z| and argz.

(iii) Show that z is a Toot of the equation 2° —8=0.

{¢) On an Argand diagram, shade the region where the inequalities
0<Pe(z) <4 and |z~ 1+ <4 both hold

(d) I 2% =4, find z in the form a -+ ib where a and b are real.

(e) Give reasons why each of the following statements is true or false.
It is niot necessary to evaluate the integrals.

e
i) /_1—-2-—@._0.

1 1
(i) f 2% dz < / =’ da.
o o

s ¢
(3ii} / sin*zrdr > / sindz dz.
¢ a
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Question 2 (15 marks) Question 3 (15 marks)

(Start a new writing booklet) Marks (Start & new writing booklel) Marks
1 dz {2) ¥ The point P in the Argand diagra
2 P S v gram
{a) Evaluate ,/0 il NCER @ 0 Rw) represents the complex number z.
o The right-angled triangle OPQ is
() (i) Find o, b, and ¢ such that isosceles and the triangle OPR is
. B N equilateral,
s 4512 4 = ° +b32:%c. P ()
(z—1){z2+1)  x-1 2241 -, ”
22+ Bz~ 4 |
ii) Hence find | ————p—r dz. 2 i
) tince o [ £ 4 |
j
i

{i) ¥ind, in terms of z, the complex mumber represented by the point Q.

(]

dx
c) Find | ——s——, usi = gec . —
() Fi / B deing = see (31} Find, in terms of z, the complex mumber which represents the vector jS

[ [o] =]
®

°® (iii) If B represents the complex nurnber w, show that w® + 2* = 0.

. 4~z 4z
(d) (i) Show that iz e

{ii) Hence or otherwise find fQ 4z d:
n is N / i

1
{e) Fiad/ 2ztan™ x do.
o

=l

=

d;
(b) (i) Given that y= 2z —In{secz-+tans), 0 < z < —;E Show that ﬁ = 1-—secs.

k2l

e}

(ii) Hence show that z < In(secz + tanz) for 0 < = < 72_r

{c) 1t is known that 2 +14 is a root of the equation 2% — 751 + 312% — 26 = 0.
{i) Give a reason why 2 — i is also a roof of the equation.

=l

(ii) Give a resson why —{2--1) is also a root of the equation.

[=] [] [

{iii) Find the other three roots, giving reasons (it should not be necessary o use
long division).
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Question 4 (15 marks)
(Start a new writing boolkdet) Marks
2,2
(a) The ellipse % + %5 = 1 {where a > b > 1) has eccentricily e = 1/2.

The point (2, 3) lies on the ellipse.
(i) Find the values ol a and b.

= =

(ii) Sketch the graph of the ellipse, showing clearly the intercepts on the axes,
the codrdinates of the foci, and the equations of the directrices.

3 2
(5) (i) Show that P(2v/2cos8, 3v/Zsin8) lies on the ellipse f:-l- + %— =D, 1]
ii) Shoo that. the slope of the tangent at P s — ooy
(i) Show that the slope angent at 7 is — oy

(iii) Find the equation of the normal to the ellipse at P.

EE E

(iv) Find the value of # to the nearest degree if the normal passes through the
point (~2v/2, 0).

{c} At a dinner party there are twelve people, consisting of six married couples. Each
of the women wears a different coloured scarf. The husband of each woman has
a matching colour tie.
{i) The dinner takes place at a circular table. Find how many seating arrangements  [2]
are possible if the women and men are in alternate positions.

(i) A committee of six is to be formed &om the women and their partners, 12]
where not more than one of the six colours can be represented. How many
such committees are possible?
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Question 5 (15 marks)
(Start a new writing booklet) Marks

{a) (i} Prove that for any polynomial P{x), il k is a zero of multiplicity 2, then %
is also a zero of F(z).

(ii) Show that x =1 is a double root of z® — g™  ng™! 1 = Q. @

2

{b) The region shown in the diagram, bounded by the curve y = ol
2241

and the line = = 2, is rotated about about the line 2= 4.
Y

-, the z-axis,

é(x, ¥) Cr)

AN
o **i&}f— 2 ) ®

(i) Using the method of cylindrical shells, show that the volume 6V of 2 shell 2]
distant « from the origin is given by: §V {4 —xy [ 1— - L dz
1422/
. (3]
(c) An object of mass mkg is thrown vertically upwards. Air resistance is given by

R = 0.05m3" where Ris in Newtons and vms™ is the speed of obj
I’ - ~ ’ £l
( ‘e g=9.8ms 2_) pee 12 object.

(i) Hence find the volume of the solid.

196 + v?

(i) Explain why the equation of motion is % = — (.._20_..) where 2 is the [2]

height of the object ¢ seconds after it is {lrown.

(i) If the velocity of projection is 50 ms™}, find the time taken to reach the 4]
highest point.
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Question 6 (15 marks
{15 marks) Question 7 (15 marks)

Start a ne
(( ) (‘3 “’d“’ “Zitmg baol;let) , Marks (Start & new wriling boollet) Marks
8} Consider the curve 2% — =4
e u;: * oz fyy+ ¥ =3 {a) Let w be & non-real root of 21 =0
(i) Show that i = m (i) Show that 1+ w + w4 wd g w! s’ 4wt =0

(1) Show that (1 +w)(1+ w1 4 wh) = 1.

=

(it} Hence find the two stationary points on the curve.
(iii) Form & quadratic equation with roots (w+ w? 4wy and (w4 w° + ).

=
= &

(iii} Find any values of = where there are vertical tangents.
(iv) Sketch on an Argand diagram all seven roots of 2’ — 1= 0.

(&) v

=]

{b} (i) Show that if n is any even positive integer,

y=f{=) L
n . = .
- then (1 + z) +(1~I)n»—221<2k).6 )
k==
(ii) An alphabet consists of the three letters A B,and C.
() Show that the number of words of five letbers containing exactly two
Asis given by (5)x 2% ‘
{B) Using (b)(i} and (ii)(a), or otherwise, show that, if . is an even positive i3]
integer, then the number of words of n letters with zero or an gven
number of As is given by 2(37 + 1).

=]
L ]

{
_ 2]

A solid has top and bottom faces
which are parallel rectangles
of dimensions 9x 4units and
3 x 2units respectively. The
altitude of the solid is 10 units.

The sketch shows the graph of y = f(z). There is a horizontal asyraptote at
== —1 and vertical asymptotes at x = § and = = —4. Draw separate sketches

of the following:
L ® y=1f @) (i) A rectengle of dimensions & and yunits is R units from the base. Assuming @
i g —-—-—1 M M 3 3 oy — 3h
(i) y = i) @ that = anid y are linear functions of k, or otherwise, show that o = T +3
t]
(i) ly|= F(=) and y == 5 +2. ’
(v) y= =) [1] {ii) By considering & thin slice of volume 8V, thickness §h and dimensions @

2 X yunits, show that §V = 3—5}3 + 3) (g + 2) §h, Hence by integration
find the volume V of the solid.

[l

2
(¢} (i) By considering the perfect square («/5-— —lx—) , show that = b >2.
; s

v[“
(fi) For all ¢ >0, b>> 0, and ¢ > 0, find the smallest possible values of
1 1
(@) (a+b) (5 + 5)
1 1 1
b o W
(B) (a+ +c)(a+b+c) {1 ,

15 -
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Question 8 (15 marks)
(Start a new wriling booklet)

AN

D

ABCD is a cyclic quadrilateral. The diagonals AC and BD intersect at right-
angles at X. M is the mid-point of BC. MX produced rueets AD at N.

(i) Copy the diagram showing the above information.

Marles

(ii) Show that MBX = MXB.

] ]

(iil) Show that MN is perpendicular to AD.

1
{b) Consider the integral 1, = / 22475 gy
o

It is given that 0 < e < Y for0< 2 < L
(i) Briefly explain why 0 <1, < 1.

[ =]

. . . 1
(i) Use integration by parts to show that I, = % 4 nlpey, forn > 1.

1

(i) Show that k= %— 7

[l [

(iv} Prove by induction that, for all n 2 1,

PPRE AL S BRI
it 3 nl nl

{v) Deduce that 1 L L] =
v} Deduce tha Jr-ﬁ*‘ﬁ*“éi'*”“me'

End of Paper
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@) e R Fual b

! R @ J‘; 74
o ) 1)\/\:

. LI S {‘“
“‘*MJ”‘/RLZ) - @ a letu=x+l whony=lu=2und X =0,y =1

" — @@ 207 Tl T | diewdly
v(bja]&=1~2%t“3 R o =+

Question 2

2

Ny

:‘“_.2-2[3:{,' 2= bH-a zb = 4 -

(i) 1zl = f wfs) TR RSt - -t L} o :{_2( "l’“‘ﬂ
/3*5 2. Ton™ [E‘ ' « ‘ﬁ - . | V2
e b | | oy

izt = 2] ("‘”"%J’”S'“g/'é) (& True ' B O  Pesx-d | bric

p@) s add walk lmds ar-a (r-1)(x*+1) x-1 241 = |
’ Multiplying both sides by the LHS denominator:
""" ' x’+5x~4sa(x’+1)+(bx~a~c)(x—1)

4 { J F@( se..

|
e | zax’ +a+bx’ ~bxtcx—c $
}53/ (4 = ___"5:7“ > ‘L’ a(a+b)x1+(c—§))x+(a~c) \1

. S VO — Equating coefficients of corresponding powers:
L i Trwe . e #i l=ath  — (U
) A 5= —btc ()
— e R - e Wi ed=g —c e (3)
} . ) /\ ‘ (+(2):6=a+c e (4}
VRS N SR N Y 4 . . (3)+(4):2=2a
- \ / \ N na=1
I, R B vk \ T : 1=1+d
f,:rrj—az Cew[-:e (!,'f) = iy . b=0

e el Vo . W@r-d4=l-c
(St 70 | Sinum = o

. . .4.‘ et e e e e e ] o s . . :, N . . . (ii) x2+5x_4' ~ 1 5
e g J’md"*ﬂ;—_‘f}m}dx

..... RS . e e ' zlnix~1§+5tan"x+0




(o) " d /s oan.
J: 2xtan xdx:j -x— (x }tzm x dx

© :JTd:._—_- Let x=sec8; dx=secHlanfdP? o Loy
xx* -1 LTt T 2 4 e
[_j ol tan 66 _[ x " x 10~Lx E&m xelx
P = W i 2
sccH\/sec g-1 Alternatively _r j x - d
jsec?taneda VI
sec H|tan 6] [:._tan"(—:—“}ug " j"l-+x2~ldt
1 » L -1
= (1) * : 4 Jo lex
—44C * L P J" L
=tan a1 4C I=0c08” (] J ' \ * Jolds
1—-[.\:]:) l-(tm\ 'x]
@ O 4-x  4-x : 7 7
RTP J—= [EEOAUTTY TN
dex  J16-42 4 4
. _r
4-x)(4~ 2
s = [3)(=3)
(4~m)(4 x)
_ Jla-x)
16-x*
_ A-x
J16-x*
= RHS (QED)
G) o T,
J i_xdxzj A-X
a¥dtzx a16-5
1 ? g-2x
.2\}15 x

E%Jidﬂ:—f d‘”%f T
= {—12« w¥xsin” [—zﬂ: +[m ]:
34(5311"'(%]—31& ( D (f \/_)
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X2 QUEST on b ' }
1 d Syducy Boys® High School :
by ~2)C 47 SC_C_IH . 3 Trial [ISC 2007 ~ Mathematics Lxtension 2 i
i ‘
_ﬁ.(— At Q'j ) 'j 2. CQuestion 7 '
N -k . 96~ a Tt = ?
L i =4, @ 210
§i3] stul P LS % o A= 9 @ tewsrwt e rw et e wlisa QP wherea= 1, r = w, a= 7.
d
e T - cz(l-»r?)
Sub b @n  grlonteux = 3 5 = :
o : : : - :
Aop o x= . [ |
¥y = o2 {~w 1
. . 11 |
 Sfab gk ( 2) (1,-2) "o |
= ()
Ry v v ’L 7‘0, wlm Ae;/j’fwd . ,
N un (iD (Lew)(1 »l—wz)(l-bw‘)=(l+w2 + w-lﬂw“)(l+w4)
S 7'—/’ Y 20 R =thwd b wrw b’ F ‘ . . |
N .
n :,?f- TN . =(lrwewi 4w 4w’ w4 e
=0+1
=1
(iiiy One such equation is the monic quadratic ‘
(z—(w+ w"+w‘))(z—(w"+w’ -I-w’))z() |
Sum of roots = -1 (See Part (i)) !
Product of roots ::(w+w'l +w )(w6 W+ ws)
=w 4w W vt e w e e
=1+t et e wlew’ 0+t 4]
=2+ (l+waw '+ )
_ — PR =2
i Thus the equation is z° +2742=0
{iv) } 2
. e e e . - , p Al angtes =7
! e D) oy “’
L | /;\( L j\r N J*%+§fg;-|+i+z+?‘+f ‘ w’/'j /\/
J 7 RS SV AU J [OR | FE———. - Q P Q ”b’,, o \
R ,",,__u {.. fl) =3 + bt EetatE . 3 T
‘ | . > 34—2+2 + 2 Forn(l) ' /
4 A N /
- - 2. o W
jie __tf, e %.@! walwe = 9. W
{ i -l i >
o ‘ ; - N
| * ﬂ
3 4




b O

(i)

e
RTP: (1+x) +{1-x) xzi "Cyx™
[

LES =14 "Cx+ "Cpi® .t "Cx™ 43" 1= "Cx+ "Cox? = "C ™ X

=24 2" + 27C,x! o+ 2
= RHS (QED)

(&) Two Asocan be acranged in *C, ways. The remaining three letters can be

chosen from 2 letters each, in 2° ways,
Hence the no. of ways overall is*C, x 2’ =80,

(8) For0As 2°
For2 As  "Cpx2"
For 4 As: "Cyx 2
Forn—2As: "C,,x2
Forn As: "Cox2° =1
. Total

B2
- Z ”Cz‘, 22h
%[(1 +2) +(1 ~2)"]
=%[3” + (—1)"]

= -;(3" +I) since » is even.

© @ x=dabth
When h=0, x=3and whenk =10, x=9, %0
3=h
9=10a+bh
=104 +3

6=10u
3

gm
5

B —%h +3
5

y=ch4d
When h=0, y=2 aud whenk =10, ¥ =4, 50
2e=d
4= 10c+d
=10c+2
2=10¢

(i)

c=~
5

h
Sy=el
Y 5

8V = xySh
Clearly =[§h+3](ﬁ+2]5h
5 5

Thus

o e

1 o
:2,,54? (3h+15)(h+10)dh

“EIE;” [ (3 +30n+15k+150) dh

1 4547 "
=L e ison
25 2
=i[moo+£99+1soo] »
25 2

=190 anit*

0

)
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