Girraween High School
Year 12 Mathematics (Extension 1)
Task 4 2007

Time allowed — 90 minutes

DIRECTIONS TO CANDIDATES

* All necessary working should be shown.

*Marks will be deducted for careless or badly arranged work.

*Start each question on a new sheet of paper.

* Approved calculators may be used. A list of integrals will be provided.

Question 1 (I3 marks) Marks

(a) Part of the graph of f(x) = x> —3x + 4 is sketched below:

4

v

(1)Use Newton’s method with x, = -2 to approximate the zero of this
graph which lies between x = -2 and x = -3 correct to 2 decimal places. 3

(i1) Use the graph above to explain why x, =0 would be a bad initial

approximation to the root between x =-3and x =-2.
(no calculations are needed) 1
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Question (1) (continued)
(b) According to Newton’s law of cooling the temperature of

my coffee is decreasing at a rate given by a;,—]; = —k(T —25)whereT is the

temperature in degrees celsius at time ¢ minutes and & >0.
(i) Verify that T =25+ 4e *is a solution to this equation. 1

(i) If my coffee is initially at 80° C but cools to 70°Cin 10 minutes 5
find 4 andk . Hence find the temperature of the coffee after 20 minutes.

(iii) I like to drink my coffee once its temperature gets below 50°C . 3
After how many minutes will this happen? (Answer fo the nearest minute.)
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Question 2 (21 marks)

(a) A particle is moving in simple harmonic motion with equation

x =3+ 6sin(4f + %) where x is the distance from a point 0 in metres and ¢ is the

time in seconds.
(1) Find the initial position of the particle. 1

(i) Find the period of the motion and where the particle is oscillating
between. 3.

(ii1) Differentiate to find the velocity v and the acceleration a of the
particle and verify that a = -16(x - 3). 3

(iv) Find the first time that the particle is at the origin and its
acceleration at this time. 5

(b) The population of feral goats on an island is given by P = 2000 —500e™* where
P is the population and ¢1is the time in years from time 7 =0.

(1) Verify that%; = k(2000 - P). 2
(11) Find the initial population. 2
(111) If the population is initially increasing at 100 goats per year 2
find the value of % .

(iv) Find the rate of change in the population after 5 years. 2

(v) What is the upper limit to the population? 1
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Question 3 (23 marks)

(a) A projectile is launched at 60m /s at an angle of 30° above the horizontal from a
catapult which is located on top of a tower 35m high.

30°

35m

Ground

Assuming no air resistance and the acceleration due to gravity is 10m /s> downwards:

(1) Show that the displacement equations at time ¢ are given by

x = 60tcos30°

y =-5t> +60¢tsin30° + 35 4
(i1) Find the greatest height achieved by the projectile. 3
(ii1) Find when and where the projectile hits the ground. 3

(iv) Find the velocity and angle at which the projectile hits the ground. 4
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Question 3 (continued)

(b) A particle is moving in simple harmonic motion with a period of Y seconds.
(1) Find the expression for the acceleration in terms of x where x is the
displacement in metres.

(i1) If the velocity of the particle is 12m/s when the particle is 3m from
the centre of motion find an expression for v>in terms of x.

(iii) Find the amplitude of the motion and the greatest speed the particle
reaches.

2

3

4
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Question 4 (6 marks)

A howitzer located at the top of a cliff 100m high is aiming to hit a target located
3km from the base of the cliff. Given that the muzzle velocity (the speed at which the

howitzer fires its shell) is 200m/ s , acceleration due to gravity is 10m/s* downwards
and it is aiming at an angle of « above the horizontal its position at time t is given by

x=200fcosx
y= —5¢* + 200t sin ¢ + 100

Do not prove these!

a
Howitzer

I @)
100m
O
< 3km »  Target
(a) Show that 45tan’ o —120tana +41=10 4
(b) Find the two possible angles « to the horizontal which the howitzer 2

could fire its shell at in order to hit its target.
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Question 5 (12 marks)

‘) (i) Prove that "C,+"C,+"C, +..+"C, =2"

_"Cy "G
(ii) Prove that 10 +—+

hC2‘ nC R 2n+1 _1
+ ...+ =
2 3 n+1l n+1

n

(a) Use (1+ x)° 1+ x)° = (1+ x)* to prove that>C,.’ C; +3C C,+C,.>°C, —?C6 L
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