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Attempt all guestions.

All questions are of equal value.

Each section is to be answered
in a separate bundle, labeled
Section A (Questions 1, 2, 3),
Section B (Questions 4, 5, &) and
Section C (Questions 7 and 8).

Examiner: C.Kourtesis

This is an assessment task only and does not necessarily reflect the content or format
of the Higher School Certificate.
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Section A
Start a new answer sheet

Question 1. (Start a new answer sheet.) (15 marks)

Marks
@ . [ d
Find
S I 9x? z
o .. 4 3
dx
) e
(¢}  Use integration by parts to find . 3
Jtex dr
(d)  Use the substitution u= 2+ cos@ to show that 4
7 sin20 2
2 sin
fo 2 +c056d6-2+4mg'(§J
© = 2
Evaluate J ksinx| dx
o
(f  Determine whether the following statement is True of False, and give a brief reason 1

for your answer.

e 15

Sxt 32
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Question 2. (15 marks)

Marks
() () Express w=-l—i in modulus-argument form. 2
(i)  Henceexpress w'* in the form x + iy where x and y are real numbers. 2
(b)  Find the equation, in Cartesian form, of the locus of the point z if 2
k~i=le+3.
(c)  Sketch the region in the Argand diagram that satisfies the inequality 3
1y .1
g
Re(z] T2
(d) (iy Onthe Argand diagram draw a neat sketch of the locus specified by 1
b
4 +1) =,
arg(z +1) =3
(i)  Hence find z so that [z| is a minioum, 2
(¢)  Points P and ( represent the complex numbers z and w respectively in the Argand
Diagram,
If AOPQ (where () is the origin) is
equilateral Q(w
T P(z)
(i}  Explain why wz=2z cis—?;. 1
0| '
(iy  Prove that 2° + w’ = zw. 2
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Question 3, (15 marks)

(a)

(b)

SHS 2003 Extension 2 Trial HSC

Sketch the following curves on separate diagrams, for —~—3g- sxs %’E

[Note: There is no need to use calculus.]

i) y=tanx .
(i)  y=lanx|
@iy  y=tan|x|

(iv) y=tan'x

Consider the function f(x) = g—; L x>0

(i) Determine the domain and write down the equations of any asymptotes.

(ify  Show that there is a minimum turning point at (e, e).
(i)  Show that there is a point of inflexion at x =¢”.

(iv)  Sketch the graph of y = J(x).
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Section B
Start 2 new booklet.

Question 4 (15 marks)

®

®

©
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(i) By solving the equation 7z’ =1 find the three cube roots of 1.
(if) Letw be a cube root of | where w is not real. Show that | +w + w” =0.

(i)  Find the quadratic equation, with integer coefficients, that has roots 4 +w and
4+w. '

A monic cubic polynomial, when divided by x* +4 leaves a remainder of x +8 and
when divided by x leaves a remainder of -4 . Find the polynomial in expanded form.

Consider the’ polynomial P(z)= Z°+az” +bz+c where g, band ¢ are all real.
If P(6i)=0 where 8 is real and non-zero:

()  Explain why P(-80)=0

(i)  Show that P(z) has one real zero.

(ify  Hence show that ¢ = ab, where > 0.
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Marks

[ SR

Question 5 (15 marks)

(@

(b)

©)
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A particle of mass m falls vertically from rest at a height of A metres above the
Earth’s surface, against a resistance mkv when its speed is v m/s. (k is a positive
constant).

Let x m be the distance the particle has fallen, and » m/s its speed at x. Let g m/s* be
the acceleration due to gravity.

(i)  Show that the equation of motion is given by

dv
e ky
V=8

(iiy  Ifthe particle reaches the surfaced of the Earth with speed V,, , show that

v, kH
ln{l—%} PLACLE I
8 8 8

(iii)  Show that the time T taken to reach the Earth’s surface is given by

Ly g
T—kh{g—wj'

(ivy Showthat V,=Tg~kH.

(v) Hence prove that T < é—f -23 .

The letters A, B, C, D, E, F, I, O are arranged in a circle. In how many ways can this
be done if at least two of the vowels are together?

A man has five friends. In how many ways can he invite one or more of them to
dinner?
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Question 6 (15 marks) Section C

Marks Start a new booklet
@ Expand {cos8 +isin8)° and hence express cos36 and sin38 in terms of cosd 2 3 Question 7 (15 marks)
and sind respectively. Marks
(a) ¢
Ly : (i Ifr =J xInx)" dx (where » is a non-negative integer) 3
(i)  Show that cot 38= Eyamet where t=coté. 2 i
show that I, = e—-f-z',,_1 (where n21).
(iii) Solve cot36=1for 0<H<27. s 2
. P St 9r (i)  Hence evaluate I,. 2
Henc T ocotE ot E g
(iv) Hence show that cot T cot m cot T 1 2
(b) 4
(v)  Write down a cubic equation with roots tan—%, ‘ tan%, tan?l-g-. 1 Y
xpress your answer as a polynomial equation with integer coefficients.
[Expre ) ial equati ith integ ffici
i raw a sketch showing that if f(x) and g(x) are continuous functions an >
b @O D ketch showing that if f(x) and g(x) i functi d 2 O & X
f(x)> g(x)>0 for as x< b then
6 5 ' The diagram shows the graph of y = x*(6~ x*) for 0 < x < V6 . The area bounded
J fdx > J &(x) dx. , by this curve and the x-axis is rotated through one revolution about the y-axis.
z . Use the method of cylindrical shells to find the volume of the solid that is generated.
(i)  Show that y =tanx is an increasing function for 7 $x< 3 1
Ttanx 4 Question continued .....
(i) Prove that sz. —-x—dx >log, (3} . 3

SHS 2003 Extension 2 Trial HSC Page 7 SHS 2003 Extension 2 Trial HSC Page 8



©

The two circles intersect at A and B. The larger circle passes through the centre C of
the smaller circle. P and Q are points on the circles such that PQ passes through 4.
QC is produced to meet PB at X,
Let ZOAB=€.
()  Make a neat copy of the diagram on your answer sheet.

iy  Show that £BCX =180°- 8.

(iiiy Prove that £PXC=90°.
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Question 8 (15 marks)
(@  Twoof the roots of x* +ax” +bx+c=0are ¢and .

Prove that off is aroot of x* —bx” +acx—¢*=0.

)] The points F, and P, represent the complex numbers z and z, on the Argand
diagram.

f;z(z,)

P(z)

»

o]
()  Prove that |5, - z,|2 ||~ k.|

4
gy If Iz—-;l= 2 prove that the maximum value of [ is V5 +1.

(©) (i)  Prove that if the polynomial equation P(x)=0 has a root of multiplicity »,
then the derived polynomial equation P’(x)= 0 has the same root with
multiplicity n—1.

(iiy Ifthe equation x* +3px’ + 3gx + r =0 has a repeated root, show that this

root is _r—z_pq___, where p*#q.
2p’-q)

This is the end of the paper.
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Q.»:Jh'on 3 (j = denae
G} 1 ’ -
( ){{) } ?’ | For '}L&m'? PO PV e im X -} = o @ 4 (a) () Bl b
[ f ' ] L | z= N 4z41) =0,
. S A M S5 - -
; ! : \ S io e DAEYTTE
: : i e -1 v
{ I e =1 o1 —
! * o =
¢ ! o 'KLLGQ. (i) (w— 1w +w-+1) =0 fom ().
: : i ::::3;‘1;1:—-6 Noww# 1, - wi+w+l=0
e e () a+f= d+wtd+ud,
. = 2=} . = T+l du+ol,
Q;J | .| e T,
| . aff = 16+ dur + &? +09,
ek = 12+ 41 +w+f)+ 1
\ . . =0,
: L. '}Mrnwj E'ﬂw’& =k w(.,‘.’-,. e .. R
., (®) Plz) = a*+az® +bz+e
I : | e g oy e P(0) = c=;4.
2 % Plx) = (B + 4}z +a)+x+6 .
e el i) A =g e e *x& | PO} = da+8=—, .
ue;‘\ W ) o -3,
( I R B a,{vc(z_-lr_é) A ‘«2""%('1:'*32 (f’};l-(é)}(w -;3) ;zgit;— iw’ +4r - 1242 +8
t 5 E(e€)| T30 e | (P ey o< o ’
! L v, . - A {c) (i} As the polynomial hes res! coefficients, if {x - i) is & factor
. v = O 2, et
¥ - oA tvE v ve then (z+10) I# also a factor {conjugate root theorem).
: o £ v o i e, P{~it)=Q.
{ . ‘ ! r—— (i) (2% +6%) Is & factor of P{s). Let {x —a]} be the last factor.
: 3"*\:0»}'»:;: l = ] e & Suts of roots is 8i ~ fi + & = ~a.
, i.e., &=~ which is real,
. e .. . . . @ is resl and there is one real root.
..(“.‘f.) A ot e of Comcanh, b = Pl E (Ui} Teking roots two ab a thme,
| o SR G- ‘!L_ e v b= 8 + Bia — Bin,
i Ir 2 Pk of inflwion af («é: vvvvvv 2 ;- . feR
¥ e o0 as ek
i b Fs Product of 1o0ts, ~¢ = ~§23{—a},
i T o= 8%,
.n,_..,._,.i...m._. oo e Fons = ab
. — 5. {a) () mko %, Fr = ma = mg - mku,
,(.b} Al =TT e O A am g—kv
Lt ¥ - ' 0 - dv
\ . . s ie. v— = g—kv
) Pemase  0Ar<l XL NCDLo T e =
e ASympiste o= @ B T N el ™

. __,_-,._J: - e e e s s e YU
U ey et X ‘
et (z,v-\. ”)7_ (SOOI vt Horoforonnse
‘;' R N B - #
- .4.,.”.{.-._. - :'_' . ({(w ‘x.)l B e [ U
‘? !(x) = ( " Wc),vl, J-,v.‘., ““_(‘@"9" ')~2’L"": ‘l’k
B ol AN I |
= fnog 22 42
1 (B ) 3
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) /dx f vdy

g~ kv’

o [omE g [ kde
kS g~ 9 kv k2 g~ ey
I='2~—g~1n(g-—ku)+c.
kK2
Whan 2 =0, v=0, , c=fing.

L]
1
%l
W
.
E
o
o
b
&
N
i
ES R

Hedm(L_Y. .20
k’m(y-kﬁ; T

- 2
Rearranging, In (5—%) + L) + ‘h_;i

)

% g
e, ]n(]—.i‘f‘l}+%+ﬁ=o.
E g g

W Bk,

~1 f—kds
.[d‘w ng-lw'

1
[ «zln(g-kv)-:—c.

When t = 0, vuO. o oe= ing,

1

= -

So L]n p ]w
When t =T, v-Vu.

1 g
ST sln ] —Fn

k (g*k%

-
) In (1- 5"-39 = ~kT from (3il).
Substitute in (xl),
iy B BE

2
W o RH
9 g

Vy = gl —~kH.

{v} Terminal velocity occurs when % = ¢,
ie Vp= %.

Now ¥ < Vo,

< i

K:
T= 7 2 }'—ﬁ-{- from (iv),

icH

1
Te x4
C kT gy
T < l.}.ﬂ{,
kg

(b} At Jeast two together »=+ not &l separate.
Total number of arrangementa in a circle = 71
Number of artangements where separated = 314
. Ways with at least two together = 7! 34l

= 4894.
{c) Nuraber of ways = (‘) + (,} +(+ @+
s Q8 -
= 81

(8) () eis36 = (cis8)¥, by De Moivre's Theorem.

1.¢,, 00830 +15in36 = cos® & -+ 3isin B oos® 0 + 3% aln” Soos & +° sin?e.

Equating real and imaginary paxts.
c0836 = o0s® 8 — 3ain’ fcosd,
= oos® § - 3(1 — cos® §) cos d,
00838 - 3cosd + 3c08% 8,
4coa®§ — 3o,
3sinfecos®§ —sin®4,
Ssind(l - sin® §) — sin® 8,
35i0 8 ~ 3in® 4 — sin® 9,
38ing — 4sin® 6.

o838

sin3g’

- 4o05% 8 — oosd

Seind— dsin® 8"

4c0t39 ~ doot §sec?d
Jsarif—~4 !

1c0t% 6~ 3ot 8.{1 + cou® 8)
3(1 +cot?8) — 4 !

deot? @ = Foob§ — Jeot®
34300t 84 ’

cot® @ ~ oot 8)

3cot* -1
13 -3¢

= m,wingtﬁwi:ﬂ.

{ifi) Now cot36 == 1, 058 <2
36::“, 5:. %’5, <36 bm (
131r 17¢ 21x
T T Y
7 S Sr 13w 17x 2w
EETART A UM U R TR T
-3t
Wi
SRR 1=0
As cotl = cot{rr-i—ﬂ),
3'

sin 3¢

LTI T I

=
o
o
g
&
fi

(i)

f= X 3% arethe only distinct values from (iii) above,

T &
Sa { = cotd = cotfy, ool ¥, cotnerebhemcts

5r | Gx
Product of tha roats, —~1 == cot — 12. cob lz.m 7




1 3 3
O F-m-r+i=0
w322 3241 = g
) My

A= 1(z)

(i) v = tana,

y’ sec?z>1VYq

. tang ls an increasing function, T<z<:

(i) When r = % T tanz =1,
n.ndt‘orz<;<3,
t 1
LN S
e z

5 :
-, by part (i): mzd > /x E
. ¥ 2 f°

[ = ma,
= (54,

4
= Inx,

¥
ie, / hmzd:: > ln 7+ [See sketch.]
1

f J(z) dzis shown by 4 4 B aud

f 9(z) dv is shown by B,
Itis Clédl‘ that 4 + 8 > B,

‘e, ff(:z;)da:>f 9(z) dz.

I (discontinuities at 1§ are outside the range).

tang > 1 as tan g iz an incressing function,
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