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Mathematics 


General Instructions 

Reading Time 5 Minutes 

Working time 3 hours 

Write black or blue pen. 
Pencil may used for 
diagrams. 

Board approved calculators may 
be used. 

All necessary working should 
be shown in every question. 

Extension 2 


Total Marks - 120 

• 	 Attempt all questions. 

• 	 All questions are of equal value. 

• 	 Each section is to be answered 

in a separate bundle. labeled 

Section A (Questions 

Section B (Questions 

Section C (Questions 


Examiner: C.Kourtesis 

Section A 
Start a new answer sheet 

Question 1. (Start a new a,nswer sheet.) (15 marks) 

Marks 

(a) 	 ( dx 
Find J J4 _ 9x2 2 

(b) 	 3 
Find J 4 

(c) 	 Use integration by parts to find 3 

fle~ dr 

(d) 	 Use the substitution U= 2+cos8 to show that 4 

2(e) 
Evaluate dx 

(f) 	 Determine whether the following statement is True of False, and give a brief reason 1 
for your answer. 

dx 15 
? 32 

Note: This is an assessment task only and does not necessarily reflect the content orformat 
ofthe Certificate. 
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Question 2. (15 Question 3. (15 marks) 

(a) (i) Express w =-1- i in fonn. 

Hence express W 
12 in the fonn x + iy wherex real numbers. 

Marks 

2 

2 

(a) 
Sketch the following curves on separate diagrams, for 

[Note: There is no need to use calculus.] 

3TC x :!> 31!' 

Marks 

(b) 

(c) 

Find the equation, in Cartesian fonn, of the locus of the if 

~ 1z+31· 
Sketch the region in the Argand that satisfies the 1Ilt:4ua1llY 

Re(2.) < 2.z - 2' 

2 

3 

(i) 

(ii) 

(iii) 

(iv) 

y =tanx 

y ~anxl 

y 

y = tan2 x 
2 

(d) (i) On the Argand diagram draw a neat sketch of the locus specified by 
(b) 

Consider the function I(x) x, x> 0 
x 

arg(z+ I) !
3' 

(i) Determine the domain and write down the equations of any asymptotes. 2 

(ii) Hence find z so that IzI is a minimum. 2 
(ii) 

(iii) 

Show that there is a minimum turning at (e,e). 

Show that there is a of inflexion at ~ = e 2 
• 

3 

3 

(e) Poinl~ P and Q represent the complex numbers z and w respectively in the Argand 
Diagram. 

(iv) Sketch the of y I(x). 2 

If t10PQ (where 0 is the origin) is 
equilateral 

(i) wz= TC 

(ii) Prove that l + w 2 
ZW. 2 

P(z) 
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Section B Question 5 (15 marks) 
Start a new booklet. Marks 

(a) A particle of mass m falls vertically from rest at a height of H metres above the 
Question 4 (15 marks) Earth's surface, against a resistance mkv when its speed is v m/s. (k is a positive 

Marks 	 constant). 
Let x m be the distance the particle has fallen, and v mls its speed at x. Let g m/s2 be 

(i) By the equation z' = I find the three cube roots of 1. 2 	 the acceleration due to gravity. 

(H) Let w be a cube root of 1 where w is not real. Show that I + w + w' '" O. 1 (i) Show that the equation of motion is given by 	 1 

(iii) 	 Find the quadratic equation, with integer coefficients, that has roots 4 + wand 3 dv 
vdx=g-kv

4+w'. 

(ii) 	 If the particle reaches the surfaced of the Earth with speed Vo , show that 4A monic cubic polynomial, when divided by x 2 +4 leaves a remainder of x +8 and 3 

when divided by x leaves a remainder of -4. Find the Polynomial in expanded form. 


JI- kYo] + kYo + k'H =0. 

(c) 	 Consider the polynomial P(z) = Z3 + az' + bz + c where a, band c are all real. '\ g g g 

If p(el) =0 where e is real and non-zero: Show that the time Ttaken to reach the Earth's surface is by 3 

(i) 	 Explain why P(-el) '" 0 

1(H) 	 Show that P(z) has one real zero. 

4 (iv) Show that Vo = Tg - kH. 	 2
(iii) 	 Hence show that c = ab, where b > O. 

I kH 
(v) 	 Hence prove that T < 1g 

(b) 	 The letters A, B, C, D, E, F, I, 0 are arranged in a circle. In how many ways can this 2 
be done if at least two of the vowels are together? 

(c) 	 A man has five friends. In how many ways can he invite one or more of them to 2 
dinner? 
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Question 6 (15 marks) 
Marks 

(a) 	 2(i) 	 Expand (cose + isin e)' and hence express cos3e and sin3e in terms of cose 
and sine respectively. 

/' - 3t
(ii) Show that cot 3e= -3-- where t=cote. 	 2z/ -I 

(iii) 	 Solve cot 3e= 1 for 0 ~ e~ 21r, 
2 

tr 5tr 9tr
(iv) Hence show that cot 12 .cot12,cot12 = -I. 	 2 

' d 	 b' "th tr 5tr 9tr(v) Write own a cu IC equation WI roots tan12,' tanT2' tan12' 1 

[Expr7ss your answer as a polynomial equation with integer coefficients.] 

(b) 	 (i) Draw a sketch showing that if f(x) and g(x) are continuous functions and 2 
f(x) > g(x) > 0 for a~ x~ b then 

f f(x)dx > f g(x) dx. 

.. ·fu·"tr tr 	 1(ii) 	 Show t hat y = tan x IS an increasing nctlon lor 4' ~ x ~ '3' 

f,'tanx " 
(iii) 	 Prove that --dx 3.!!: x 

4 
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Section C 
Start a new booklet 

Question 7 (15 marks) 
Marks 

(a) 
(i) If In = I x(ln xl" dx (where n is a non-negative integer) 	 3 

2 e n 
show that In = 2'-21.-1 (where n;?; I). 

(ii) 	 Hence evaluate 2 

(b) 	 4y 

2	 2The diagram shows the graph of y x (6 - x ) for 0 ~ x ~ J6 .The area bounded 

by this curve and the x-axis is rotated through one revolution about the y-axis. 

Use the method of cylindrical shells to find the volume of the solid that is generated. 

Question continued ••••• 
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Question 8 (i5 marks) 

(c) 

Q 

The two circles intersect at A and B. The larger circle passes through the centre C of 
the smaller circle. P and Q are points on the circles such that PQ passes through A. 
QC is produced to meet PB at X. 

Let LQAB=8. 

(i) Make a neat copy of the diagram on your answer sheet. 

(ii) Show that LBCX=180o-8. 2 

(iii) Prove that LPXC = 90°. 4 

(a) Twoofthe roots of x 3 +ax'+bx+c=Oare a and 

Prove that af3 is a root of x' -bx' +acx-c' =0. 

Mark..~ 

4 

(b) 1'; and P, represent the complex numbers Z, and l.\z on the Argand 

(i) 

(ii) 

1';(z,) 

o 

Prove that ~, ­ z,l;?:: ~,l- ~,I 

If 2 provc that the maximum value of IzI is .J5 +1. 

2 

3 

(c) (i) 

(il) 

Prove that if the polynomial equation P(x) =0 has a root of multiplicity n, 
then the derived polynom ial equation P'(x) = 0 has the same root with 

n-l. 

If the equation x' + 3px' + 3qx + r =0 has a repeated root, show that this 
. r- pq 2 

root IS -(2 )' where p oF q.
2 p -q 

This is the end of the paper. 

2 

4 
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A. (J..- l:.);3 

4. (0) (il .3 .... 1 0, 
(z .... 1)(z2 +. + 1) '" 0, 

. %=1 or -1±.;r=4 
.. 2 

-1:1: V'3i 
'" 1 or -~2-' 

m 
 (ii) (w -1)(...• +w + 1) = 0 from (I). 

Now",,.l, ".012+1.1+1=0. 

(iii) a+/1= 4+",+4+",2,IT! 
'" 7+1+",+",2, 
'='1. 

a/J: 16 +401+ 4w' +013, 
= lZ+4(1+",+.r)+1,. 
= 13. 

:. ,,2 -7z+ 13 = O. 

o 
 (h) P(",) .. ~+(JX·+bx+<:. 


P(O) c=4. 

P(x) = (",2 + 4)(:r +a) + '" + 8. 

.1"(0) = 4«+8= -4, 


a .. -3. 
(0;' +4)(3) -3) +8 = i' - 3:t:' +4:1: -12 +",+6. 
:. PC",) = ",3 - a,,? + f>:l; - 4. 

m (e) (I) As the polynomial baa real coe.ll\cient!l, if (z - ie) is .. factor 
then (.. +i6) Is also .. factor (conJugo,te root t.h1lOrem). 
i.e., P(-i6) O. 

m 
 (il) (z2 + d ) I, .. rool;Or of .1"(",). Let (..... "') be tho lost r"CIOr.

' 

Sum of roots is 8; - iii +ct ., -a. 

i.e., a = -a which is ",,,I, 

.'. a Is real aud there is Olle reul root. 


(!.II) Thklng roots two ..~ .. time.ill 
II = t/' + Bia -Dio, 

'" (lit. 
:. b>O as 8EiR. 
Prodllct of roots, -c .. -O'i'( -a), 

e == e'la, 
.. (lb, 

EF• ., rna'" mg-mkti, 
a'" g-kv. 

m6. (a.) (i) 

. dv k 
t.e. "di = g- :", 

B 

:& 



[!] (ii)]a., ] vdv 
11- ku' o (b) 	At leaat Iwo together =+ no. $11 S6p..rat.e. 

Total number of arrangements in" ci",le = 711]D-kv -9] -kdv= -- --dv+-- -- ­ Number of &.rTangements where ""para.ted = 3!41 
:. Wf\Y$ wi~ &.C le ... t two logether = 7! - 3141 

k g-kv k~ 9-ku' 
II 9'" =- -'I; - k'l")n(g - kill +e. == 4890. 

When :z "" 0, v = 0, :. C '" ~ InO_ 
(c) Number of "'Ia.ys +(~l+ m+ m+m,,""" (-'g )_!. 	 m 

g-lev h 
:t:2:H. tr=Vo, 	 31.g(il)Voll=-']n -- --.11:' ,\I-kVo k 

6, (al (0 cls30", (cis 9)3, by De Moivre'. Theorem., (-kVc) k'H
Reorraogillll. In 7 + D + - = (1, i,e., ()083S +j .'n3D '" tmrl 0 +3isin 8 O()$~ B+312sIn'lJrose +..3 sill' B, 

Equatbog real and imaginary ~t8. 
. (kYo) kYo _SO", oos3 8-3s!n2 900sU,'.e,. 	 In 1 - +-+ O. 

g 9 !J = 00$38 - 3(1 - cos' 11) coa8, 
.. oosSII_ 3 cos6 +3cos3 6,

IT] (iii) ~ = g-"v =4coa3 9-3cos9, 
sinM ... 3ein8cos'8-s1n'O,

at -1] ' -kdv] <it T g-kt>' = 30i,,(1(l .in· 0) - flin3 6', 

1 = 3aiu8 - :hlnse -si03 0, 
-;; In(g - kv) .;. c, = asine - 4s1n'e, 

When j = O. "'" 0, ... c = 
(''' cos39 
!I) cotao = 'iu30'$ol= ~ln (_!J_) ,

k 	 g-kll 400080 - 300sO 
When t '" T, V i'o, 

3slnll- 4.;0' 0',', :r=~lnC_gwJ 4 oot3 8 - :!rotll, eee2 6' 
.. " 3m«:'O-4 

4cot'li - acotO.(l +ooc~O)
(iv) In (1- k~) = -kT from (Jil). 3(1 +00~a8) - 4 

Substituto in (il), 4cot3 q - 3cotO - 3cot8 8 
kYo k~B 3+3cot29-4
-kTtg+g= D, cotS 8 - 3oot 6) 


3cot'6-1 )
kYo '" kT- n'll 
(3 _ 3' .9 9 ' lit' _ 1,1I811lg t = ""to. 

VO'" gT-leB, o (iii) Kow roC 39 "" 1, O::;6:S21f 

ITJ (v) Thrminal velocity OOOU1'8 when !i '" 0, 38 .. !"t ~ ~ o~ 39 :S6 .. (~)
4. I 4 I• " 9'.e. vr k' 	 1311' 17.. 21.­

4'4'4 
Now Vo < \fT. 'iT 5" 9" 13.. 1'11, 210' 

,', 11 12' 12' 12' 12' 12' 12' 
•. ltO<~ 

< t' - 3till (1\') 3t2 _ 1 1. 

T = ~ + f,om (tv),


9 	 9 :. to - at' -:It + 1 = 0, 
As cotO cot(", +8),

T<!!.x!+ 
, k 9 I} 	 ..... tb. only distinct w;lUe5 from (iiil above.1I =i2, Ii, w 

T< 	~+~. Sot-cotOcootn, .m~. cot~"... th.roots. 
k 9 .. 5.. 91r 

Product of the root.., -1 '" cot 12' cot12'cot 12' 
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.(. .... -1 

i .•. , J: I(";!;) dx > J: g(x) <1;,;. ~ ..(.V (b..(. \- -:- .v· ,".fl-" 'O\r - ":;:: f"<, .f£.-.l..'\ """­i ~~ v=o(zJ
~ B ~ , ... ;..- __ _ 

~ 

I 
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