NORTH SYDNEY BOYS HIGH SCHOOL

- 2009
TRIAL HIGHER SCHOOL CERTIFICATE
EXAMINATION
®
Mathematics
Extension 1
General Instructions
¢ Reading time — 5 minutes e Attempt all questions
e Working time —~ 2 hours
¢ Write on one side of the paper (with Class Teacher:
lines) in the booklet provided (Please tick or highlight)
» Write using blue or black pen O Mr Barrett
e Board approved calculators may be O Mr Ireland
used O Mr Lowe
o All necessary working should be O Mr Fletcher
shown in every question O Mr Trenwith
e Eachnewquestionistobestartedon | O Mr Weiss
a new page.
Student Number:

{To be used by the exam markers only.)

Qu;s;ion 1 2 3 4 5 6 7 | Total | Total

Mark | — | = | = | = | = | = | = | s | =
12 12 12 12 12 12 12 84 100




Question 1 (12 marks}

. . sin 3x
(a) Find xlggl -

(b) Differentiate log,(sin3x), writing the answer in simplified form.

(c) Find the range of the function f(x) = x? — 6x + 10.

(d) Find the acute angle between the lines -x 4+ 2y + 4 = 0 and

3x + y + 1 = 0. Give your answer to the nearest minute.

1
V4 — x?

V3
(e) Evaluate f
1

(H 1) Showthat x—2 is a factor of x*> —4x* +7x—6
ii) Show why x’ —4x* +7x—6 =0 has only 1 real root.

Question 2 (12 marks)

(a) Find the exact value of cos [sin~1 G)]

(b) Solve the equation 3x3 — 17x? — 8x + 12 = 0 given that the product

of two of the roots is 4.

©

3

(i) Express V12sinx + 2 cos x in the form R cos (x — a) where R > 0

andOSxS%

(ii) Hence solve v12sinx + 2cosx = —3 for0 <x < 2x

2
x~9_<_8
X

(d) Solve the inequality



Question 3 (12 marks)

(a) (i) Show why the equation In (x + 1) + x — 1 = 0 must have a root
between x= 0 and x= 1.

(i) Given that the solution of In (x + 1) + x — 1 = 0 is approximately
equal to % , use one application of Newton’s method to get a better
approximation. Write your answer correct to two decimal places.

(b) The acceleration of a particle Pis given by a = 32x(x? + 1) where xcm is
the displacement at time ¢sec. Initially Pstarts from the origin with
velocity 4cm/s.

. d
)] Use the fact that X = o G— vz) toshow thatv = +4(x? + 1)

(ii)  Justify why the positive solution is the correct one.

(iii) Find xin terms of £

() Prove using mathematical induction that, for all positive integers n >1,

1 1 1 -
+ L
1X5 5%9 * 9x13 + +

1 _n
(4n—3)x(4n+1)  4n+1

Question 4 (12 marks)
(a) Find |cos®3xdx

(b) (i) Show that the maximum value of 2x(1 — x) isizl-

(ii) Find the range of the function f(x) = sin"*{2x(1 — x)}, with
domain 0 £x< 1.

(©) (i) Show thatT = 22 + Ae** is a solution to the equation
dT
- = k(T - 22).

(ii) A wealthy industrialist is found murdered in his home. When police
arrived on the scene at 11:00 pm, the temperature of the body was
31°C, and one hour later it was 30°C. The temperature of the room
where the body was found was 22°C.

Using Newton’s law of cooling % = k(T — 22), and the fact that

normal body temperature is 37°C, estimate the time that the
murder occurred.



[Question 4 continued]
(d) Copy the diagram into ‘ 3
your answer booklet.
PAC, PBD are straight lines.
EFis the tangent at P,

Prove CD || EF

Question 5 (12 marks)

ox
(a) Use the substitution # =x-1 to evaluate jm; dx 3
2 X T

(b) A particle moves along a straight line in such a way that its distarice xcm
from a fixed point Oat time ¢£seconds is x = 2 cos 3t.

(i) Show that the particle is moving in Simple Harmonic Motion. 2
(i) Write down the period of the motion. ? 1
(iii) Find the particle’s speed when it is first 1 cm from 0. 2

(c) Two boats, Rascaland Sirocco, are sailing near Ball’s Pyramid, agiant 4
pillar of rock that risés from the sea.
The boats are 3.9 km apart, and the angle of
elevation of the top 7of

Ball’s Pyramid from Rascalis 10°.

Given that £TRS and TSR are 65° and 48°
respectively, find the height 4 of Ball’s Pyramid

to the nearest metre, R

39 km



Question 6 (12 marks)

(a) Water is being pumped into an empty inverted conical tank - that is, a tank

with its apex down - at a rate of 300 000 cm3/min. The tank is 6 metres high
and the diameter at the top is 4 metres. Let 4 be the height of the water and rthe
radius of the water surface at time #minutes. ‘

Calculate the rate at which the water level is rising at the instant the
water level reaches 2 metres. (Write your answer to 1 decimal place). 4

(b) P(2ap,ap?) is a point on the parabola x? = 4ay, which has focus S

i) Derive the equation of the tangent to the parabola at . Hence
show that the tangent meets the x-axis at the point T(ap,0). 3

(i)  Find the coordinates of M, the point that divides S7 externally

intheratio2 : 1 2
(iii)  Describe geometrically the locus of Mas Pmoves on the
parabola. 1

(c) A function is given by the rule f(x) = log, i—i—i— Find the rule for the

inverse function, f ~1(x). 2

Question 7 (12 marks)

(a) Robin Hood aims his arrow at an acorn which is on an oak tree dmetres
away. The acorn is /# metres above the ground, and Robin releases the arrow
from a point 1-8 metres above the ground, at an angle of elevation of 4 degrees.
Robin can vary the initial velocity Vof the arrow.

At the instant Robin releases the arrow, the acorn begins to fall vertically
downwards under gravity, with acceleration g (Neglect air resistance).
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[Question 7 continued]

@

(i)

(i)

Taking the ground at Robin’s feet as the origin of coordinates, show
that at time ¢ the x-and y-coordinates of the arrow’s tip are

x=Vtcosf and y=Vtsin9—/92ﬁ+l.8 3

Show that, when the arrow reaches the tree, its vertical height above
the ground is given by : 2
H = d tang — 925570 | 18
=d tan e .

Robin’s arrow hits the acorn as it falls. Show mathematically why this
will in fact always be the case in this situation, no matter what the

initial velocity of the arrow. 3

{Provided, of course, that it is great enough to reach the tree!)

(b) Onatoss oftwo dice, John throws a total of 5. Find the probability that
he will throw another 5 before he throws 7. _ 2

(©) Atriangle PQR right angled at Pand with 2PQR = 6, slideson a

horizontal floor with its vertices §and Rin contact with perpendicular

walls.
(i) State why OQPR is a cyclic quadrilateral. 1
(i)  Derive the equation of the locus of 7. , 1

Y A
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