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Total marks — 120
Attempt Questions 1 - 8
All questions are of equal value

Answer each section in a SEPARATE writing bookiettra writing booklets are available.

Question 1(15 marks) Use a SEPARATE writing booklet. Marks

(@) Find J cosx sirf x dx 1

1

(b) EvaluateJ 2+ 6X2 dx, leaving your answer in exact form 3
ov4—X
J3
(c) Use integration by parts to evaluaje xtan™ x dx 4
0

(d) ()  Find real constantd andB such that 3 = A + B 2
(x-2)(2x-1) x-2 2x-1
.. . 3dx
il Hence find 2
" J(x—Z)(Zx—])
(e) Using the substitution = tang and the results of (d), find 3

f S 4s
4 - 3sin@



Question z (15 marks) Use a SEPARATE writing booklet.

(@) Let z:ﬂ, find
2+I

0 1

(i) argz

(b) Find real valuep andg where p1—+§q| =1-4
i
(c) Letu :7—\2/5(1+ i), v=rcosg+ir sing and uv=42(c05210+ i sin;—TOj

(i)  Write uin modulus-argument form.

(i) Findrandé@.

(d) zlies on the locus defined Bg+2|= 2 and letargz= 6
(i) By use of an appropriate diagram, show th(z+ 2= B -7

(i) Hence, or otherwise, findrg(2’ + 62+ §

Marks



Question ¢ (15 marks) Use a SEPARATE writing booklet. Marks
(@) Consider the rectangular hyperbota— y*=4.
(i)  Sketch the curve, showing the coordinates of teeSand S and the 3
equations of the directrices and asymptotes.
(i) The pointP(2sed , 2ta) lies on the curve. 2
Show that the tangent Bthas equatiorxsecd - y tard = ..
(i) The tangent meets theaxis atQ. 3
Show that the locus of the midpotof PQis given byx® — y*-3= 21+1
y
(b) The polynomialu(x) = mX + nf+1 is divisible by(x+1)°.
()  Show that7m= 6n. 1
(i)  Find the values ofm andn, wherem andn are real numbers. 2
(c) Given thata, Sandyare the roots of the equatiori + 3x+1= 0
()  Find a polynomial equation of smallest degree tiaata?, 5> and ) as 2
roots.
(i) Hence finda® + g%+ y? 1

(d)

Which one of the following diagrams below abutépresent the location of the 1

roots of 2+ Z — z+ =0 in the complex plane, wheotds a real number.
Without any calculations, justify your answer.

Trn'=)
n: ' Tz
+ ¥ Felz) * *
0 = » Relz)
- L
Diagram A Diagram B



Question < (15 marks) Use a SEPARATE writing booklet. Marks

(@) The graph below shows a function that kagtercepts ak = 0 andx = 2.
There is a vertical asymptote at=1 and a horizontal asymptote gf=1.

The graph is symmetrical about the lire=1.
y

3,,

[RE

e

-3+

Without using calculus, sketch the following dnampn the ANSWER sheet
provided on page 15, clearly showing any asymptatesintercepts.

i) y=f(x-1) 1
G y=[1(x] 2
Gi)  y=1(x) 2
(v) y=tan" f(x) 2

Question 4 continues on page 6



Question 4 (continued) Marks

(b) The graph off (x) = JX -9 is shown below.
The area betweeffi (x) and thex-axis for 3< x < 5 is shaded.
y
6

5,

(i)  Using the method of shells, show that the wadV, of the solid formed when 2
the shaded area is rotated aboutytais is given by

V:J 2nx(x2—9)é dx

3

(i)  Hence calculate the volume. 1

(c) () Givenf(x)= f(a-x) and using the substitutiam= a- X, prove that 3

J:xf (%) dx=gJaf (x) dx

0

. . i /. XSin X
il Hence, or otherwise, prove that F dx=—, if F(x)=———— 2
(i) P £ (x) dx 4 (%) 1+ cog X



Question £ (15 marks) Use a SEPARATE writing booklet. Marks

1

(@) (i) Givenl, :J x"e”* dx, wheren is a positive integer, show that 2
0

I, =%(e2 - nln_l)

1

(i) Hence evaluat{ x3e™ dx 3

0

(b) Fifteen new students at NSGHS are distributeshly among the classes of Miss V,
Mr. S and Ms L.
Given that there are three children with red haioag the fifteen and that the
students are distributed randomly, find:

0] the number of ways that all the children wigld hair end up in the same class. 2

(i)  the probability that each class gets onectchilth red hair. 2

(c) The diagram below shows triangi8C inscribed in a circle with a point on the arc
BC.
LK is perpendicular t&.C produced andlN is perpendicular t&B.

A

(i) Copy the diagram into your Answer book

(i)  Explain whyCKLM andMNBL are cyclic quadrilaterals. 2
(i)  Explain why OKCL = OABL. 1
(iv) Hence, or otherwise, prove th&tM andN are collinear. 3



Question € (15 marks) Use a SEPARATE writing booklet.

(a) Solvesin™x-cos'x= sif'( - }

(b)

(©)

Given thatsin(1 y) :%(x2 - 2) and thatx>0 and y > 0.

y:

Show by differentiating implicitly tha
dx 4a-x2

The diagram below shows a solid with its base @xtly plane.

Every cross-section perpendicular to xkexis is a square.

One part of the base is the segn@AB of the parabolay’ = 2x cut off by the
line x = 8.

The other part of the base is a semi-circle witdnditerAB.

Consider a slic&, perpendicular to theaxis, of widthAx.

><V

() Find the coordinates & and hence find the distana®.
(i)  Show that the volum@AV of Sis given byAV = &Ax for 0< x< 8.

(i) By first finding an expression fakV of Swhenx > 8, calculate the volume of
the solid.

Marks
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Question 7 (15 marks) Use a SEPARATE writing booklet. Marks
The diagram below shows an ellipge + a®y* = &b, whereSand S’ are the foci.

The diagram shows a tangenPe(acosé? b sin9) , intersecting the two directrices
atTandT'.

M andM' are the foot of the perpendiculars drawn frieno their respective directrices.

wn?
x

a
N

(@) Show thatSP+ SP=2 . 2

(b) You may assume that the tangenPas xbcos? + ya sirf = ak. (DoNOT prove this)

Let a =0OSPT and £ =0SPT

()  Show thafl has coordinate%g,b(e_—_cose)j 1
e aesind
(i)  Show thatOPST=90° 2
PM _ PM'
i) Show that— =——
() PT  PT 1
(iv) Deduce thatr=p. 2

Question 7 continues on page 11

-10 -



Question 7 (continued) Marks

(c) Consider the diagram below, whe®/ SJU.

The tangent &® intersects the rap U atU and the tangent &' intersects the ra§V
atV.

S X
(i) Copy the diagram into your Answer booklet.
(i)  Using (b) show thaUPS is isosceles. 3
(i) Using (ii) above and also (a), show thdt = UP . 3
(iv) Deduce that)VvV PP 1

-11 -



Question € (15 marks) Use a SEPARATE writing booklet. Marks

(@) () Show thattan™(n+ 1) - tan*(n- )= taﬁl(%j , wheren is a positive 2
integer.
.. . -1 1\ Xty
(i) Given thattan( tan’ x + tan y)—l—, wherex andy are real numbers, 1
; 1 <1, | Xty
explain why whenx>1, y>1thattan™ x+ tan” y=/+ tan (1 J
(i)  Hence, or otherwise, show that floe 1 3
Ztan_l(%j :ZT+ taﬁl(m—-l-lzj
= r 4 1-n-n
_ . ° (2
(iv) Hence write down) tan (Fj 1
r=1
"C, "C, . "C " "G o
Let T (x)=—"2- +—2 - . +(- for a given integen and all
(b) e e (-9 forag g
realx
i) If S(X K! herekis an int how that 2
i X) = wherek is an integershow tha
A= ) () (x+ K gers
S(¥-8(x1)= 8.( )
(i)  Hence prove using mathematical induction thahfad 4

n!
T =
(X X(x+1)(x+2)...(x+ n
NOTE: you may use without proof the reslitC, = "C, + "G ,

(i)  Hence by a suitable substitution prove that 2
Cy C1+ C, +(_1)n G _ 2"n
1 3 5 h+1 x5 .x( B2+ )

End of paper

-12 -
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Question 1

(2)

(b)

(c)

r .
sin’ x

cosxsin® x dx = +C

"oy 6x Jr—3 2xdx

ST zfm m
SWERN
=2><16T——6[\/§—2J
:12+%—6\/§

X
0 1+x2 2 2

NEl
=5—1J (1— 12)dx
2 2), U 1+x
3

B B 1)1
SN d:zz_ij (1)1

T 1 . ro 1 b2
=l =252
27 3
"3 2
Q) 3 _A(2x-1)+B(x-2)

(x-2)(2x-1) (x-2)(2x-1)
.'.A(2x—l)+B(x—2)=3
24A+B=0 [coefficient of x]
Subx=2=34=3

SLA=1=>B=-2

(i) J(x—23)?;x—1)=f(xi2+2;il)dx

=J 1 dx—j 2 dx
x-2 2x—1

=In|x-2|-In2x -1+ C
x=2

2x-1

=In +C




0 2dt
t=tanZ = gy = 29
(e) anzz X 7

sin@ = 5
1+¢

.
J 3 o= 3 der2
4-5sin6 J 4-5(3) 1+

( 6 dt _j 3dt
J 4 —-10t+4 26 —5t+2

( 3dt
J (2t-1)(¢-2)

=lnt—_2—’+C

2t-1

tan‘lg—z
=nl—2___|4+C

2tan”! Q—l
2




Question 2

3-6i

241

(a)
FEER B-6i] 35 _

R 2+ 5

(1)

3—-6i 1-2i
=3x

2+1 2+1

1 21 2—i_-—5i

T4 2-i

Z:

(ii)
1-2i
241

argz =arg(—i)=-— 5

P —3qi
1+
s p—5qi=-3+5i
s p=-3,-5¢=5

Sp=-3,q=-1

T2
2

Equating real
(Equating

© () 1+i)= 7\/—

(i)

@ O

2 CIS-— =7 cis—
4

=3

=1-4i = p—5qi =(1+4i)(1+1i)

and imaginary parts)

T

Let z be represented by the point P. Let Q represent the number —4 and C the centre
of the circle —2.

Let@ =argz = ZPOR=6

arg(z+2)=£PCO = -2x /POC
=7—-2x(r-0)
=20-rx@

arg(z>2 +67+8)= arg[ (¢+2)(z+4)]
=arg(z+2)+arg(z+4)

(i)

Now arg(z+4)=£PQC=1/PCO
(angles at centre and circumference)
sarg(z+4)=1(20-7)=60-%
arg(z* +67+4)=20-+6-%
=36-—



Question 3

(a)

() -y =4;e=2

Asymptotes are y = *x

) ; a 2
The directrices are x=+—=+-"= i\/i

The foci are at (tae,0) =

—
I+
[\
5
(@)

SN——
o
&%)

—
[\]
5

o

N——

o
=
o,
tn
~
|
[\)
=y
(@)
——

(i) x*—y"=4=2x-2yy’=0

’

2secld secld
Sy = = =

Lom =
y 2tan@ tan@

sy—2tan@ = ieCZ(x—Zsecﬁ) = ytan6—2tan” 0 = xsec & —2sec’ &
an

s.xsecl— ytanf = 2(8602 0 — tan® 0)

S.xsecld— ytanf =2

(i) Q:y=0=>xsec=2
. 0(2¢c0s0,0) = M (cos@+sec, tan )

_ 22
LHS=x"-y" -3 RES = 21
= (cos @ +sec8)’ —(tan )’ -3 y o+l

1 1
=cos’ @ +2+sec’ f—tan’ 6 - 3. = ——=—
(tan@) +1 tan”O+1

=cos’0+2+1-3
=cos’ @

sec’ @

=cos* @
- LHS =RHS

So the locus of M is x*—y* -3 = -
vy +1



Question 3 continued

®) (1)  w(-1= W(=1)=0  (Multiple Root Theorem)
W (x)=Tmx® + 6nx° = u'(—l) =7m (—1)6 +6n (—1)5 =0
SIm—6n=0

SIm=6n

() w(-1)=0=m(-1)" +n(-1) +1=0
SmAn+l=0=>n-m=—1 ~(¥)
From (i) 7m = 6n
(*) becomes 7n—7m = —7 and so Tn—6n=-7 = 5 = =7
“.m=-6 by substituting into (*) or the result in *)

m=-—6,n=-7

(c) (1) X +3x+1=0
Let y = x?

' +3x+1 :0:>Jc(x2 +3)~

22 (P 43) =12 y(y+3)° 21
y3+6y2+9y—1:()

(i) @ B 7 are the roots of Y’ +6y*+9y_1=0

Lo+ Sy = g (sum of roots)

(4)

L+ —z+c=0 has real coefficients and so all the roots occur in conjugate pairs
Diagram B has a root that doesn’t have it’s conjugate pair showing

Answer: Diagram A



Question 4

(a) Dtedcurve existing curve; black curve new transformation

() y=s(x-1)

-

~
t t t y
3 2 -1
‘-\ /
4
\
-1+ i H
4 I
H !
t |
\ /
2T i 4
H
i
H

P




(i) »*=f(x) .

/

i

.
i /

y=tan” f(x)

(iv)
The new horizontal asymptote is y = e
The curve is not defined at x=lbutitisn’t a vertical asymptote
y
A
3__
2"
D 1"
e Tl \ \\\\\ — 5
3 2 1
-1 ! /
\ /
o [T S /
Z i /
T /
= /
/
3t /
¥ " v




Question 4 continued

(b) Cut the shell into what is approximately a rectangular prism of length 2 7zr
and height h.

y
6+

5_

(i) r=x,h=y= AV =27zxy

[

S AV =27x(x* - 9)?
5

= lim ZAV 27x (%" —9)% dx

Ax->0

w




Question 4 continued

(C) (1) Uu=a—x=du=—dx
xX=a—u

x=0=Du=a,x=a=u=0

J xf(x)dx: [ (a—u)f(a—u)(—dx)

J a

ra

=| (a-u)f(a-u)du
= | (a—u)f(u)du
= af(u)du—J u f(u)du

_ af(x)dx—J:xf(x)dx

ZJ x f(x)de=| af(x)dx

= %JO f(.X,') dx

(ii) J‘ xsin x :_f sin x
1+cos’x 1+ cos? x
___f —sin x
N 1+ cos? x

= ——2—[tan_ cos x)]o'

= —%[tan"1 (-1)—tan™ (—1)]

-10 -



Question 5
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Question 5 continued

3
(b) 1) Since the classes are “distinguishable” then there are (1] ways of picking the class

that has all the red heads. Then the remaining 2 students for that class need to be

12 10
picked from the remaining 12 students in ( ) J ways. Then ( s j ways to place 5 of

the remaining girls in one of the other class, this leaves the last 5 students to be
allocated to the remaining class.

. 3 12 10
Le. X X =49 896 ways.
1 2 5

3
(1)  Miss V can be allocated one of the redheads in [J ways and her remaining students
. (12 : . (2 : -
in 4 ways. Mr S can be allocated his redhead in ) ways and the remaining

8
students in (/J ways. The remaining students all go to Ms L’s class. i.e.

CHHEH o

15) (10
Without restriction all the students can be allocated in ( 5 JX( 5 ) ways i.e. in 756

207900 __ 25

756 ways. So the probability of this happening is =2 =2,

© @ Construct KM, MN, LB and CL.
(i) InCKIM, LCKL=/CML=90°.

Opposite angles are supplementary and so the
quadrilateral is cyclic.

In MNBL, ZLMB = ZLNB =90°.

By the converse of angles in the same segment,
the quadrilateral is cyclic.

(ii)) ZKCL is the exterior angle of quadrilateral ACLB and so Z/KCL= /ABL by the
exterior angle theorem for cyclic quadrilaterals.

(iv) As CKLM is a cyclic quadrilateral, ZKCL = ZKML (angles in same segment)
As MNBL is a cyclic quadrilateral, ZLMN =180°— ZABL (opposite angles supp.)
From (iii) £KCL = ZABL and so ZLMN =180°— ZKML
o ZKMN = ZKML + ZLMN =180°
So K, M, and N are collinear.

-12-



Question 6

(a)

(b)

sin(sin“j x—cos” x) =sin [sm” (3x— 2)]

. . 7w " .
c.osin| 2sin x—; =3x-2

—Sin(% —2sin™ x) =3x-2

.'.—cos(Zsin"] x> =3x-2

—[1—231112 (sin”™ x)] =3x-2

23 =1=3x-2
S 2xt=3x+1=0
.'.(Zx—l)(x—l) =0
Lx=4,1

Now test the solutions in the original equation i.e. sin™ x—cos™ x=sin™ (3x—2)

X

RHS =sin™ (3x1—-2)=sin"' (1) =%

. — 1
..x—i,l

sin(4)=4(+-2)

4

y_.

1y'cos($y)==x

2x 2x

cos(1y) B \[l—sinz (L)

4x

L. —gin'L—cos'i=x
2z LHS =sin™ 5 —cos™ 5 =

6
RHS =sin™' (3x4—2) =sin

X

) 4—(x*-2)
4x

2x _
PP 2] a2y
B 4

_ 4x
x2(4—x2) JC\/zl—JC2

-13 -

B Ja— 5

. y /s
sin” x +cos x:E

[

sin(—x) = —sin x]

_(
sin| =—x |=cosx
(2 j }

Let ¢ =sin™ x; }

cos2a=1-2sin*

sin (sin” x) = | sin (sin” x)ﬂ

ALTERNATIVELY

XX =

CET

4x

4
= _x*+l

4

Ly = 4x
. Jax? - x*

- )C\/é‘rx—x2 - \/4x—x2

J



Question 6 continued

(C) (1) x:g::y2:2><8_—_>},_:i4
~.B(8,4)

S AB=2x4=8
So the semi-circle has radius 4 and so the extreme x-value 1S x =12

X
(i)  The square has side length 2y = AV = (2y)” Ax
AV =4y* Ax=4(2x)Ax =8x Ax
(i)  For 8 <x < 12, the base is (x—8)" +y? =16
AV =4y Ax=4[16-(x-8)" [ ax=[64—4(x-8)" | ax
V= Jj8x dx + J:z[64—4(x—8)2ildx
. 4 12
=[4x*] + [64x ——(x- 8)%] ALTERNATIVELY
0 3 s With the semi-circular section
4 r12
= 2564‘[(768*5‘)(64) — (512 “O)i! I/senﬁ.circular =4 [16 . ()C _8)2J dx
= 4262 v
r4
=4 [16 - xz] dx
J 0
3 4
- 4{16x—x—}
3 0
= 4(64—§ij
3



Question 7

(a) For aconic SP = ePM
SP + SP =ePM + ePM’

=e(PM +PM")
=e(2x£)
e
=2a
y
P
M
0‘ I
S y *
\
(b) (1) T: ngz(g)bcosﬁ—kyasinﬁ:ab
e e
SDeosl L ino=b
e
...ysinezb_bcose=b(e——cost9)
e e
y= b(e—.cosﬁ) 7 E’b(e—.cose)
esin @ e esind
(i) mg,= bsin@-0 _ bsin @
% acos@-ae a(cosf-e)
b(e—cosf)
esing ___esin@  b(e—cosh)
Mg = a X -9: . 2
2 _ e esin a51n9(1—e )
e
zb(e—cosez) [62:1__12;}
: a
asin @ xX—
a
a(e—cosf)  a(cosf—e)
~ bsind  bsind

S Mgy Xmg, = —1= ZPST =90°
Similarly ZPST’=90°
-15-



Question 7 continued

(i) PM:PM’=PT:PT’ (parallel lines preserve ratio)
_PM__PT _ PM _PM’
PM’ PT"  PT PT

: } . SP  ePM PM : PM’
v Using (i1) cosax = = =e and similarly cos f=e
(@) g PT PT PT y p PT’
s.cosax=cos ff
La=p [0<a, p5T0°]

© @

!

(i1) From (b) LUPS = 4SPT =«
£S’UP = o (Corresponding angles are equal on parallel lines, SV || S'U)
-~ AUPS’ is isosceles.

(iii) ~ Similarly ASP’V is isosceles
VP =VS - SP
=SP’ —SP [ASPV isosceles]
=SP'—(2a-SP) [From (a)]
=SP—(2a-SP)
=US"—(2a-SP)  [AUPS’ isosceles|
=US" - S'P | From (a)but with P’ + SP’=2a |
=UP’
(iv)y  VP=UP,VP|UP = UVPP’ is a parallelogram
~.UV || PP’ (opposite sides of a parallelogram are parallel)

-16 -



Question 8

(a) (i) tar{tan1 (n+1)j—‘tan_1 (n~1)lj\= tan (o — f3)

~ v

tan o — tan

B 1+tanatan
_(ne)~(n-)
1+(n+1)(n—1)

2 2

1ini-1 n?

~tan” (n+1)—tan™ (n—1)=tan™' (nz—z)

(it) x>l=>Z ctan ' x<Z
4 2

T T a 1 T T
Lx>lLy>l=>—+—<tan x+tan y<—+—
4 4 2 2

3 _ _ : _ q
< tan” x+tan”' y <7 ie.tan” x+tan"' y liesin the second quadrant.

BUT x>1,y>1 X*Y o0 andso ~Z <tan”t| 22 | <0
1—xy 2 1—xy
=Ly g<m+tan xry <0+7=>Z<7+tan” Laub g PYs
2 1-xy 2 1-xy

So tan”'x+tan”' y = 77 +tan”' Xy
1—xy

r=1

(iii) i:tan"l (%) = Z[tan" (r+1)—tan™ (r— 1):]
= |r\tan'1 (2)—tan™ (0)} + |:tan1 (3)-tan™ (1)j| + ‘;‘can] (4)—tan™ (2)} +..

r;Z r:—-3

r-'——l

+ot {tan"1 (n—1)—tan™ (n— 3)} + {tan‘1 (n)- ’[V.an‘1 (n- 2)}

J )

r=;, -2 r=n-1

g

+|:‘tan'1 (n+1)—tan™ (n— 1)}

v
r=n

=tan” (n+1)+tan”' (n)—tan™ (1)

a4 2n+1 T
=7 +tan 5 |——
1-n—n 4
3z af 2n+1
=>—+tan >
4 l-n—n

-13-



Question 8 continued

(iv) itam”1 (lj = 1im§tan‘1 (%j

2
r=1 r

(b) () LHS=S,(x)-S,(x+1)
k! k!
—x(x+1)(x+2)....(x+k) (x+1)(x+2)(x+3)....(x+k+1)
k(x+k+1)—xk!
x(x+1)(x+2)(x+3)....(x+k+1)
ki (x+k+1)—x]
x(x+1)(x+2)(x+3)....(x+k+1)

_ k!(k+1)
x(x+1)(x+2)(x+3)....(x+k+l)

_ (k+1)!
x(x+l)(x+2)(x+3)....(x+k+1)

ZZS}H(X)

(i) Testn=1
‘¢, '¢, 11 1
LHS:TI(x): x _x+1—;~x+l_x(x+1)
1! 1

RHS = x(x+1) :x(x+1)

So true forn =1

_ k!
x(x+1)(x+2)..(x+k)

Assume true for some integer n= ki.e. T, (x)

_ (k+1)!
x(x+1)(x+2).(x+k+1)

Need to prove it is true for n=k +1 ie. T,,, (x)

-14 -



Question 8 continued

LHS = T,.,(+)

k+1 k+l k+1
_+CO +C1++C2

X x+1 x+2 x+k
_ ‘G, _ (kcl + LCO) (kCZ + Lcl) _ +(_1)k (ka +4C, 1) (_1)k+1 C,
x x+1 x+2 x+k (x+1)+k

‘¢ ‘¢, G
x x+1 x+2

k k k k
—[ G __G +...+(—1)k_1———c’(“1+(—1)k G }

x+1 x+2 x+k x+1+k

=T, (x)-T, (x+1)
=5, (%)= S, (x+1) [By assumption

= Seu () [me (1)]

So the formula is true for # = k +1 when the formula is true for n= £.

So by the principle of mathematical induction the formula is true forn>1,neZ

(iii)  Subx =7 into both sides of
c,C G, "C k!

-—L+ — e +(-1)" —=

x x+1 x+2 x+n:x(x+1)(x+2)....(x+k)

GG, G (1) oo n!
L 141 142 Tvn 1(1+1)(3+2)..(3+n)
nC "C nC n nC n‘
22 0_ -1 2 -1 2 \=
13 s )T I0) )
n+1jteﬁrms ’
) "C, "C ., "C, (- y "C, | 2" n!
1 3 5 2n+1 ,1><3><5><...><(2n+1)
"Cy "G MG L (1) "C, _ 2"n!
1 3 5 7 2n+1 1><3><5><...><(2n+1)

End of solutions

-15-
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