CURVE SKETCHING
(A) FEATURES YOU SHOULD NOTICE ABOUT A GRAPH

(1) BASIC CURVES
The following basic curve shapes should be recognisable from the equation :

(a) Straight lines : y =x (both pronumerals are to the power of one)

(b) Parabolas: y = x? (one pronumeral is to the power of one, the other the power of two)
NOTE : general parabola is y = ax’ +bx +c¢

(c) Cubics:y= x? (one pronumeral is to the power of one, the other the power of three)
NOTE : general parabola is y = ax’ +bx* +cx +d

(d) Polynomials in general |

(e) Hyperbolas: y= -1— or xy =1 (one pronumeral is on the bottom of a fraction, the other is
not OR pronumeraxls are multiplied together)

(f) Exponentials : y = a” (one pronumeral is in the power)

(g) Circles: X+ y2 =r (both pronumerals are to the power of two, coefficients are the same)

(h) Ellipses rax’ + by2 =k (both pronumerals are to the power of two, coefficients are NOT
the same, if signs are different then hyperbola)

(i) Logarithmics : y =log, x
(j) Trigonometric: y=sinx, y=cosx, y =tanx
(k) Inverse Trigonometric: y = sin”! x, y= cos”'x, y=tan"' x
(2) ODD AND EVEN FUNCTIONS
These curves have symmetry and are thus easier to sketch :
(a) ODD: f(—x)=—f(x) (symmetric about the origin, that is has 180 rotational symmetry)
(b) EVEN: f(—x)= f(x) (symmetric about the y axis)

(3) SYMMETRY IN THE LINE y=x
If x and y can be interchanged without changing the function, the curve is reflected in the line

y=xeg 2+ y3 = 1 (in other words the curve is its own inverse)
(4) DOMINANCE
As x gets large does a particular term dominate ?
(a) P()lynomja—l’s : the leading term dominates e.g. y = x* +3x> =2x+2 , x* dominates.
(b) Exponentials : ¢” tends to dominate as it increases so rapidly. e.g. y =e* — x°
(c) In General : look for the term that increases the most rapidly. i.e. which is the steepest ?
NOTE : It is a good idea to check your limit by substituting large numbers e.g. 1 000 000
(5) ASYMPTOTES
(a) Vertical Asymptotes : the bottom of a fraction cannot equal zero
(b) Horizontal/Oblique Asymptotes : top of a fraction is constant, the fraction can’t equal zero
NOTE : If order of the numerator is > the order of the denominator, perform a polynomial

division, (curves can cross horizontal / oblique asymptotes, good idea to check )
(6) THE SPECIAL LIMIT

TN . . . sSmx
Remember the special limit seen in 2 Unit i.e. lnré
Etad X

=1, it could come in handy when

solving harder graphs.



(B) USING CALCULUS

Calculus is still a tremendous tool that should not be disregarded when curve sketching.
However, often it is used as a final tool to determine grifical points (points where the
derivative is undefined), stationary points, inflections.

(1) CRITICAL POINTS
When % is undefined the curve has a vertical tangent, these points are called critical points.

(2) STATIONARY POINTS

When % = () the curve is said to be stationary, these points may be minimum turning pomts,

maximum turning points or points of inflection.

(3) MINIMUM/MAXIMUM TURNING POINTS

2

(a) When gxx = () and i;x > (0, the point is called a minimum turning point.
dy d’y

(b} When Ex— =0 and —% dx2 < 0, the point is called a maximum turning point.

d
NOTE : testing either side of ﬁ_ for change can be quicker for harder functions

(4) INFLECTION POINTS

2 . 3

(a) When %); ={ and g—f;— # (), the point is called an inflection point. -

d2
NOTE : testing either side of dxy for change can be quicker for harder functions

dy _ d’y

(b) When =0, & a) =0 and ay # 0 , the point is called a horizontal point of inflection.

dx " di dx*
(5) INCREASING/DECREASING CURVES

d
(a) When ;{% >0 the curve has a positive sloped tangent and is thus increasing.
(b) When % <0 the curve has a negative sloped tangent and is thus decreasing.

(6) IMPLICIT DIFFERENTIATION
This techniqueJaIIOWS you differentiate complicated functions.
eg Sketch x*+y* =1
NOTE: e the curve has symmetryin y = x

* it passes through (1,0) and (0,1)
* it is asymptotic to the line y = —

. y3 =1- x3 -~
ie. y #—x1
Sy FE-X
3x2+3y' 2 =0
On differentiating implicitly:
g lmp Yy fz_)i _ —x?
dx y2

d
This means that % < 0 for all x except at (1,0), which is a critical point and (0,1) which turns

out to be a horizontal point of inflection.



(C) TRANSFORMATIONS

Given that the graph of y = f(x) can be sketched, then it is possible to build other sketches
through appropriate transformations :

» y=f(x)ta
* y=f(x*a)
« y=—f(x)
« y=f(-x)
o y=|f(x)
o y=f()
o y=kf(x)
o y= flkx)
Exercises

OR (y¥Fa) = f(x) ,ais grouped with y,(shift f(x) up or down by a)
a is grouped with x,(shift f(x) left or right by a)

(reflect f(x) in the x axis)

(reflect f(x) in the y axis)

(reflect the part of f(x) where f(x)< Oin the x axis)

(reflect the part of f(x) where x > Oin the y axis)

(stretch f(x) vertically, k<1 shallower, k>1 steeper)

(stretch f(x) horizontally, k<1 shallower, k>1 steeper)

1. Sketch y = sin x and then sketch all of the above transformations where a = wand k = 2.



2. Sketch the following (start each sketch with the basic curve)
(a) y=2e"-1

(b) y=1-2¢"

(¢} y=3+2sin(2x+7x)

3. Sketch x* +4x+y* —8y=12



(D) ADDITION AND SUBTRACTION OF ORDINATES

y = f(x)+ g(x) can be graphed by first graphing y = f(x) and y = g(x) separately and then
adding their ordinates together.

NOTE : First locate points on y = f(x)+ g(x) corresponding to f(x) =0 and g(x) =0, then plot
further points by addition and subtraction of ordinates and finally locate the position of
stationary points.

y = f(x)— g(x) can be graphed by first graphing y = f(x) and y = ~g(x) separately and then
adding their ordinates together. ‘

Exercises
Sketch the following curves :

(a) y=x+-l-
X

(b) y=x+sinx , 0<x<4r

(o) y=x-logx



(E) MULTIPLICATION OF FUNCTIONS

The graph of y = f(x)- g(x) can be graphed by first graphing y = f(x) and y = g(x)
separately and then examining the sign of this product. Special note needs to be made of points
where either f(x)=0orlor g(x)=0or L
NOTE : The regions on the number plane through which the graph must pass should be shaded in
as the first step.

Exercises
Sketch the following curves :

(@ y=(x=1)(x~-3)(x+2)

®) y=(x-2)(x+2)’

(© y=xe™*



(F) DIVISION OF FUNCTIONS

The graphof y= M can be graphed by:

8(x)
STEP 1 First graph y = f(x) and y = g(x) separately.
STEP 2 Mark in the vertical asymptotes.
STEP 3 Shade in the regions in which the curve must be (same as multiplication)
STEP 4 Investigate the behaviour of the function for large values of x (find horizontal /oblique
asymptotes, look at dominance)

Exercises
Sketch the following curves :
x(x+1
(@ y= Axrl)
(x~2)

®)y= (x+2)(x-1)

_sinx

(@y=




(G) GRAPHS OF RECIPROCAL FUNCTIONS

1
f(x)
* when f(x)=0, then f(lx

The graphof y = can be sketched by first drawing y = f(x) and noticing :

is undefined, (i.e. a vertical asymptote exists)

1
f(x)

« when f(x) is increasing, the reciprocal is decreasing, and visa-versa

1
e

oI
Ot

stationary points of its reciprocal.

» when f(x)— oo, then

— 0, (i.e. asymptotes become x intercepts, unless undefined)

» when f(x) is positive, is positive, etc.

» the derivative of hence stationary points of the original curve are

Exercises
Sketch the following curves :

(@ y=
logx

SR ERE Y )



1 i) Sketch the graph of y = (x —2)(x? +6x) , showing the x-intercepts only. Hence, state the values of x for

which the curve is positive or negative.
ii) Sketch the following curves. You are not required to find the co-ordinates of any tuming points.

P — by =2 dy=— X gy
(x~2)(x* +6x) x* +6x (x~2)(x+8) x—2
2 Sketch the following curves. Also use Calculus to show the co-ordinates of any turning points.
16 4x+5 . (x+1? (x~1)(x+2)
aly= b)y= ) y=——"—"—-— dyy=->—2 -
Y = VY= ) = =3) =

3 Sketch the following curves, showing the main features (the x-intercepts, the y-intercept, any asymptotes and
the coardinates of any tuming paints)

R R _ xe2 9
WGy VY TReg W oThwen Y

_x _(x+0(x-4) _ X _x-
V=i = ) V=25 W=

4 i) Discuss the behaviour of these curves for very small and very large values of x .
if) Find y*, hence, the coordinates of the turning points.
iif} Hence, skefch the following curves.

z-x)y:)(+l b)y:xzaLE c)y:)(—i2 d)y=x—l3
X X X X

5 i) Discuss the behaviour of the curve at the neighbourhood of x = 1 and for very large values of x.
ii) Find y*, hence, the coordinates of any tuming points.
iiiy Hence, sketch the following curves.

1 1 1 1
=x-1+— byy=1-x+— =X+1+— dy=x-1+——
Ay=x-173 Jy=txem 1-x 'y -1
Kr2+4 . . .
6 Forthecurvey ==, 5" discuss its behaviour as x — £eo, hence, sketch it. Do not use Calculus.
X —x—
7 The graph of f(x)is shown in fig. 1.5. Draw separate diagrams for
1
a)y=TX) . b}y =f(-x) oty =f{x) dy =|f(x)|
e)y =f(x~2) fiy =f(2—x) 9y =f(x) hly]=F(x)
| g |
\ A
- AN
4 2,
I . I X
\. . .\‘
1

fig. 15

8 Repeat question 7 for the following curve

i

> x

fig. 1.6
9 The graph of f{x)is shown below in fig. 1.7. Draw separate diagrams for
a)y = xf(x) b)y =x+f{x} )y =x+1+f(x) d) y = x*f(x)
y
» X
] 1
—
fig. 1.7
10 Repeat question 9 for the following curve
v
1
) >
X
-1
fig. 1.8
11 ) Show that < <1.
1+x
b) Show further that 1 2 5 is an odd function. State the graphical meaning of odd functions.
+X
c) Hence, sketch the graph of y = ] 2 -
+x

2
-4 .
12 Sketch the curve y = X2 . where a is a real number.

{Hint: Consider these cases:a<-2,a=-2,-2<a<2,a=2anda>2)

Checklist
O Can you find the equations of the asymptotes of rational functions?
Can you state the region of the plane where a rational function is abova or below the x-axis?
Can you skefch the reciprocal curve from the equation of a function?
Can you sketch the reciprocal curve from the graph of a curve?

fi
Can you skelch% and f(x).g(x),f(x) + g(x) given functions f(x) and g{x)?

g(x)
Can you sketch the derivative curve from the graph of a curve?
Can you sketch the curves y = |f(x)|,f{~x),f(|x|), F(x  a).f(x) + a and |y| = f(x) from the
graph of y = f(x}? -

o0 o ooo




(H) GRAPHS OF THE FORM y=[f(x)]" , where n>1 and an integer

The graphof y = [ f (x)]n can be sketched by first drawing y = f(x) and noticing :
+ All stationary points must still be stationary points

+ All points where the curve cuts the x-axis are also stationary points on the x-axis

1t | f(x)| > Lthen [[F(0)]'|> £(x)
1t | £(x) < Lthen [ F()]'| < ()
+ If nis even then [f(x)]" 20

* If nis odd then the sign of [ f (x)]" is the same as the sign of f(x) for any given value of x
Exercises

(@ If f(x)= x(x2 - 3) then sketch [ f(x)]2 and [f (x)]3

(b) Sketch y =sin’x and y =sin’ x



N e e ]

Exercise 1.2

1 Sketch the following

pairs of curves, showing any asymptotes and maximum, minimum pomts

2
a)y =2x—1and y =(2x -1’ )y=;§;1a y= 41
2
1 = — d) y=- andy = A
9 Y=57" =y 5 (1)
2 K fly= 1 _andy=—yy
e) y=x2+1andy=(xz+1)z 2x(x+1) 4x2(x +1)
2 Sketch the following pairs of curves, showing important features o
‘ 2x 8
a)y=x2—2andy={x’ -2y’ b) Y=;7+—1'3ndy Y
3
-1 (x2 — 1 d) y =x*(x*—2)and y = (x*(x* - 2)

d y =
angy 0

3 Refer to question 2, without any further calculation, sketch the following curves

Ay=(e-2 byt gy =0 & y=(etw-2)

(o +1y
4 Sketch the following curves, showing important features. You may use Calculus if necessary.

1
a)y=x,y=x*andy=x* b) y = V= andy=—
)y=xy y Vy=17,Y A Y =y
¢) y =sinx,y =sin’ x and y = sin’ x d)y-—L y= 1 andy = 31
x+1 x*+1 x 1

Hence, or otherwise, determine whether each of the following statements is frue or false;

ks 7z

2 2 3 3
@) Jsinz X dx < jsin3 x dx LY J'
;1-x 5 (1 x)
1
1
X2 gy < [x™ dx o X <
.[ I 5) j .!1
5 The curve ¥y = tan x is shown below. Without using Calculus sketch the curves of
a)y =(tan"" x)? b) y = (tan™ x)°
E.A y
2

6 Sketch the following curves, showing any asymptotes, maximum and minimum points.

a)y = (Inx)? b)y =In(x?) o)y =In(—32~) d)y = xinx
e)y = x (Inx)? iy =x? Inx g)y =x* (Inxy h)y = x? In(x?)
e e X

Jy=e hy=— Ky == hy=—

fig. 1.17



(I) GRAPHS OF THE FORM y =,/f(x)

The graphof y = W can be sketched by first drawing y = f(x) and noticing :
. m is only defined if f(x)20

« /f(x) 20 for all x in the domain

o« JF(x) < F(x) if f(x)>1, and [F(x)> f(x) if 0<f(x)<1

. Q = fix) implies there are critical points where f(x)=0
dx 2 f(x)

Exercises
Sketch
(@) y=+x*—4x

o fx(x+1)
(b) J’—qf—(z_x)



1 a) Sketch the cubic curve y = (x—3)*(x—1), hence, draw the curve y= (x~.73)2(x -1.

’ b) Use Calculus fo discuss the gradients at any x-intercepts and to find the coordinates of any turning points
< For each of the following curves vy =flx), .

i} Find the domain by solving f{x)=0.
i) Find y*, hence, the gradients at any x-intercepts and the coordinates of any turning points.

iii} Sketch the curve.
a)y” = x(x~1) b)y? =4~ x* ¢) ¥¥ =(x+5)(x—1(x—4)d) y* =(x* ~1)(x* ~4)
1
&)y* = x(x 1’ Ny =x’(1-x*) 9y =(-0x=3) )y =5—
x2
3 Giventhe curvey = R
a} Determine whether the curve is odd or even, hence, state ils geometrical meaning.
b) Discuss the behaviour of the curve for very large values of x.
¢) Find y'and the coordinates of any tuming points.
d) Hence, sketch the curve.
2
e) Without doing any further calculation, sketch the curve y° = ] sz .
4 Repeat question 3 for the following curves.
4x* 4x* . 4x 4x
)y= ndy? =—— i) y= and y? =
Y 1 Y TR )y IRl T
_y2 2
iijy = X and y = iv) y=e*—e ™ andy’ =e* —e™*
b
X__ —X X__ X
Vy=———andy’=—— vi)y:ex e'xandyzzex e_x
e'+e e"+e e' +e e’ +e
5 The sketch of y = f{x) is shown in fig. 1.14. Draw separate diagrams for
1 1
a)y =~Jf(x b)y =F*(x o)y =—o10 dyv:=—
)y =f(x) )y =f(x) ) ) )y )
. VA
t
A\, /
i
_________ Al
/M_—.— ».
N X
¥
i
i
1

fig. 1.14
6 Repeat guestion 5 for the following curve

7 ) )
fig. 1.15

7 Skeich the following curves ‘
a) A traffic officer on point duty x*y* = x* + y*. b) A dumb-bell y? =x* —x°.
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(iv)y=e'® ‘.
s ) e.g. (i) (2002)
Y= f(x)e The diagram shows the graph of y = f(x)

i.e. stationary \ ;’

points remain ; !
! ! ¥4
| | (3,1)
I i
| |
1 |
! | ] .
‘ 2 | y = fx); 2,0 x
{ | N~

------------- Dy o et el e L et e

N o

1 0 1 x (1,-1)

{ I
| 1 |
i ! Draw separate sketches of the graphs of the following;
| I
i 1

(i)y* = f(x)

y)




(iii)y = £ ()

LY
(8,1)

(iv)y =log(f(x))

y)

o o e e S T T T o T M e e ot e e o o o

" Exercise 1A; 9, 10, 11a, 12

Exercise 1B; 2bd, 9egh, L1ace, 13af, 14abf, 30,32¢, 34




Chapter 1: Curve Sketching 2 5

1.5 Review Exercise

1 E6 Draw careful sketches of the following curves, indicating clearly any asymptotes. Do not use Calculus.

X o x—1 s o x(x=1)
VY= b)y_x(x-m) VY= V="

. 5-x o x=2 _2x*+4x+3 (2=x)(x+1)
Ve Ve YT e VT e

2 E6  Sketch the following curves, clearly showing any asymptotes, x-intercepts, y-intercept, the
coordinates of any turning points and points of inflexion, where possible.

a) y=2x"-x" b) y=2x"+5x*~3 ¢ y=x+3x*+3 d) y=x>+x-1
2_x+2 1
— x® ~30%* +-500x ) y = x* +4x 4 X oxte Ch)y=
e)y=x +500x ) y=x"+ 0 y=""5 )y XX
L 2Ax—1p o 2Ax—1p X2 —1 x* -1
iy 7 Ny 1 )y T )y .

3 E6 a) Sketch the function g(x)=xe ™ for x > —1.
b) Given g(x) as in (a) above, the function f{x) may be given by the rule:
g(—x),x <1
g(x-2),x>1
Find the zeros of the function, and the maximum and minimum values.
Draw a sketch of the graph of Kx) .
4 E6  The function f{x) has derivative f'(x)whose graph appears below.
You are given that
f'(-2)=f'()=0and f'(x) >wasx — —coandf'(x) >0asx —>co.
Also, f{0) =0 and (3) > 0.
a) Describe the behaviour of fx) as x —» .
b) Sketch the graph of f{x) showing its behaviour at its stationary points.

fig. 1.26
5 E6 a) Sketchthe graphof g(x)=x" —4x* +4x* —%, showing that it has four real zeros. You are not

required to find the coordinates of any x-intercepts.
b) On different diagrams, sketch the curves

Ny =1g(x)| i) y* =g(x).
¢) Calculate the slope of the curve y* = g(x) at any point x and describe the nature of the curve
y” = g(x) at the zeros of g(x).

6 E6 Afuncionis defined by F(x) =% for x>0,
: X

a) Prove that the graph of f{x) has a relative maximum point at x = e and a point of inflexion at x = e; .




10 E6

11 E2

12 E2

13 B2

Chapter 1: Curve Skeiching

b) Discuss the behaviour of f{x) in the neighbourhood of x = 0 and for large values of x.
c) Hence, draw a clear sketch of f{x) indicating on it these features.
d) Without further calculation draw separate sketches of the graphs of

iy = Inx i) X Inx

— jif) y? = —
X X
Let f(x)=2—x—x%.
On separate diagrams, skefch the following graphs without using Calculus

Tinx

a)y =|f(x) b)y =f*(x) )y =Jf(x) dy=Ff(x-2)
e)y="Ff(-x) fy =F(x) g)|y|=f(x) h) y =log, f(x)
1 X
Ny =g —— Hy=—n- )y =f(log, x
)y Ny ) )y 00 )y =f(log, X)
Sketch the following pairs of graphs without using Calculus
x+1 Vx+1 (x—1? x—1

a)y=———-sandy= b) y=—"andy=

W= Y =S5 VY= Y =
Draw the following curves, showing any turning points, points of inflexion, and asymptotes, where
possible.

X+1 e’ e’ e

ay= b)y= g) y=—m d) y=

)y e )y X2 41 )y (x+1)? )y x*-3

Given the curve x* —y* +xy =5.
a) Find % hence, find the points on the curve whose tangents are vertical or horizontal.

b} Discuss the behaviour of the curve for large values of x,
c) Hence, sketch the curve.

Given y =2sinx+cos2x,-27 < x$2x .

a) Sketch the curve, showing any turning points.

b) Show that there are three values of x that satisfy the equation 2sinx +cos2x = 3 1x and find

approximations to these values.
True or false? Expiain.

xtd x4 1
a) |tanxdx < | tan® xdx b) -—-—o‘x <
) Gf J Ji+x f N x

A is a point on the circumference of a circle of radius a. Usmg Aas the cenire, an arc of radius ris
drawn, r < Za, to intercept the circle at two points B and C.

' a) If ZBAC =28 and the arc length BC = ¢, show that r =2acos @, and ¢ = 4afcoséd.

b) Hence, show that ¢ is maximum when 8= cot 4.
c) By using a graphical means, find & correct to the nearest degree.



(C) TRANSFORMATIONS

Given that the graph of y= f (x) can be sketched, then it is possible to build other sketches
through appropriate transformations :

« y=f(x)xa OR (yFa)= f(x), a is grouped with y,(shift f(x) upordownby a)
¢ y= f(x + a) a is grouped with x,(shift f(x) left or right by a)

o y=~f(x) (reflect f(x) in the x axis)

*y= f("x) (reflect f(JC) in the y axis)

* y= lf(x)l (reflect the part of f(x) where f(x) <Oin the x axis)

o y= fllk]) (reflect the part of f(x) where x> Qin the y axis)

« y=kflx) (stretch f(x) vertically, k<1 shallower, k>1 steeper)

o y= flkx) (stretch f(x) horizontally, k<] stallser, k>1 S+eegver)
Exercises

1. Sketch y = sinx and then sketch all of the above transformations where a =mand k = 2.

i_V\ 1
T o \/ T
= SinmC 41T

37 Y = sin(x4+T)
< > & /\ .
d .
4
L2 an
SA
Y= - Sinac | Y=Sinl-3)

A
/

&y

A

¥
A 4 . 9n
q 4
Y= Ism:cl 3:6“\]30[
) /\ . /‘\/\
£ 2 ’4/ \\’x,
;f
\
3 n 1 4
.»: N x -
y= 2" 5:—"-—5“’\23&
< i AR YA
¥ 4




Sketch the following (start each sketch with the basic curve) 9N 3&2(:31'. i

(a) y=2¢" -1 —
asic Cuarve y= <
B
y=< = Steeper
A .
Y= e - Steeger ik /°
9= 2% 1« dowon | < . o
g_/ "
e '_"‘\’c:)':w-l
\/
(b) y=1-2¢"
e C "‘h
basic Garve :j.re., .
[t

535 é—f’&‘ﬁ:‘&%’ :m:)a;(;,{;

i 4= =2« Sl per, pe dedonn
" 3:1«2@"’"&—“‘0 \

< >
1 RolE! :"‘e(
T seee”
‘(_,S'r. (- Zehq
\'4
Y
() y=3+2sin(2x+ ) Y= 3+ 28 2oc+r)
asic curve Y= SN :
g: N 2océshetchh % ﬁ,wfe,—— /\
S:f;an(?.ouﬂv)é- oo E ) x VY=
9= 25 (2504710 ) - Shedeh 4\5“?‘5193( ]
Y= Bt 2 5 2o T) < wp 3 < )x'

3. Sketch x” +4x +y° ~8y=12
2 4+ Aot 4 431—-83% o =32
Cocr 254 (y-=D?=322

N
' 4




(D) ADDITION AND SUBTRACTION OF ORDINATES

y= f(x)+ g(x) can be graphed by first graphing y = f(x) and y= g(x) separately and then
adding their ordinates together.

NOTE : First locate points on y = f(x)+ g(x) correspondingto / (x)=0 and g(x) =0, then plot
further points by addition and subtraction of ordinates and finally locate the position of
stationary points.

y= f(x)~ g(x) can be graphed by first graphing y = f(x) and y=—g(x) separately and then
adding their ordinates together. 5

Exercises
Sketch the following curves :

1
(a) y=x+—
X

(b) y=x+sinx , 0<x <4rn
YA

W 96 & SIN3E

\/ Q—/t’:e;ﬂi

3=

(© y=x—logx
?j\ & ' Ye e lgp@%

A
i\
& .

¥




(E) MULTIPLICATION OF FUNCTIONS

The graphof y= f(x)-g(x) can be graphed by first graphing y= f(x) and y = g(x)

separately and then examining the sign of this product. Special note needs to be made of points
where either f(x)=0or lorg(x)=0orI.
NOTE : The regions on the number plane through which the graph must pass should be shaded in

as the first step.

Exercises
Sketch the following curves :

@ y=x-1)x-3)(x+2)

y4

- 4= (- Yx-3Xoe+2)

N

®) y=(x-2)(x +2)°
]\

M

-2




(F) DIVISION OF FUNCTIONS

The graphof y= A(x)
glx)

STEP 1 First graphy = f(x) and y= g(x) separalely.

STEP 2 Mark in the vertical asymptotes.

STEP 3 Shade in the regions in which the curve must be {same as multiplication)

STEP 4 Investigate the behaviour of the function for large values of x (find horizontal/oblique

can be graphed by:

asymptotes, look at dominance) g ) 4\w 4
Exercises o
Sketch the following curves : o B ‘
x+1
@y:ﬁ )
(x-2)
:@4&+Ji
Cx-~-2)
®) y=
T -1 v
lim - l
O B =
ac? i
A2 Xx -0 7
2. =3 p «
wc T el ae -~ 2 =~ — \ 2%
DL e A =0 g
= 2 v :
B ""w."/.// /
7 I b
A A
- // 1} e N ( l
sinx Vs =

A




(G) GRAPHS OF RECIPROCAL FUNCTIONS

1
The graphof y= ) can be sketched by first drawing y = f (x) and noticing :

flx

o when f(x) =0, then is undefined, (i.e. a vertical asymptote exists)

1
fx)
1
« when f(x) — oo, then ®

o when f(x) is increasing, the reciprocal is decreasing, and visa-versa

— 0, (i.e. asymptotes become x intercepts, unless undefined)

e when f(x) is positive, is positive, etc.

1
/)
W)
) " [T

stationary points of its reciprocal.

hence stationary points of the original curve are

I3

o the derivative of 7

Exercises ,_,..;' o
Sketch thelfollowglgj\curves: v§\ u= QOS%
= wu= o 2
@y logx //9’ 4= 3
< -
TAH
l N T2
A B Vil
1
b) V=
by (x -2)(x-1) |




Worked Soluons 19 1

Worked Solutions

Chapter 1: Curve Sketching

Exercise 1.1 {Rational functions)

From this graph, y<0forx<—6or0<x<2,andy>0
for -6 < x < 0 or x > 2. This property holds true for the

following curves.

a) Asymptotes x=—6,0,2and y= 0.
j » X

uhy

P ) - SUR

3 AY
b) Asymptotes x=-6,0and y = 0.
The x-intercept (2,0).
y

¢) Asymptotes x=-6, 2 and y = 0.
The x-intercept: (0,0).

‘ LYA ;L
6 \2

- e fom

2

X _+6x :x+8+-—-16— , the curve
X—2 X~2

has two asymptotes y=x+8 and x = 2.
The x-intercepts are (0,0) and (—6,0).

Y 4

d) By long division,

-
-

8 .61 p

P e

16 16
2 ay= = :
)y X =12x  x(x*-12)

Asymptotes x =0, +/12 and y=0.
. —16(3x%—12)
T —12x)?
.. Tuming points: (-2, 1) and (2, -1).
(The guide graph x* —12x is added in purple.)

Ay

Y =0whenx=42.

_4x+5

Tt

Asymptotes x=—1,1and y=0.

The x-intercept is (— ,0), the y-intercept is (0,-5).

. A(x*—1)-2x(4x+5) —4x"-10x-4
-1 -

b) y

i th iz, s i s i o RS 5§ +
FR e C O e b oINS i i o AL

i e R N A K e S e
e T T T

o AR 505 P‘"u: {\:




1 9 2 Worked Solutions

22x+Nx+2) 1 ,_X(x—4) =0 4 - Turing ol
=t Ly = When X = — = or-2. = el v =0 when x =0, 4. . Tumning poinis
T y w 3 y x_2) y g p
.. Turning points [—%,~4) and (-2, -1). (0,1) and (4.9). ryo
(The guide graph (4x +5)(x—1)(x +1) is added in : \___,4
purple) Va \ | ,“’—_—"{_,,,,
/ : gk -3 -2l 1 12
5 i f 'M - X
> L > X
2 N /!
( /)(_l' \\ fJ/ { .
2 ) 3 a) Asymptotes x = -3, —1 and y = 0.
/ X ! ~2(x+2) .
' : \ f ! i e 0 Y = ) when x = =2, Tumin
oA e+ 3F g
¢) By long division,—F s BX=2 | point (-2,-1).
(x=1(x-3) (x=N{x-3) (The guide graph (x + 1){x + 3) is added in pink)
Asymptotes x=1,3and y=1. N
The x-intercept is (—1,0), the y-intercept is (0, % ).
' B(x —1){x~3) - (2x—4)(6x-2) A y —

(x—1(x—3)°
_ BXF—24x+18-12x* +28x -8
- (x =1 (x-3)°
_ —6x*+4x+10
T (x=1(x-3)
_ =2(3x=5)(x+1)
C(x=Rx=3)

y' =0 when x=-1 or g

- .~ Turning points (-1, 0) and [g,——S].

Asx—>+oo,y$’l+§—>1"; Asx —» -~y =T,
X

The guide graph (x+1)*(x —1)(x—3) is added in purple.

[ ¥ < ——

b) Asymptotes x
‘ "3(}(-2)
X (x =3

=0,3andy=0.

y' =0 whenx=2. TP (2-1).

{The guide graph y = x—3, noting that the positive
factor x* can be ignored, is added in pink.)

yll

fapraweg Wi 8 A R

Y y A vy
\ 1 : K ¢) Asymptotes x = —4, 1 and y = 0, y-intercept (0,—%).
e m e 2
SN S Ha » X = w, y' <0 always.
- T~ 3 [(x=1)(x+4)]
PR (The guide graph (x + 2)(x —1){(x +4) is added in pink).
° 8 ‘ : 4
(X=N(x+2) R AN i,

=x+3+—i—,the

d) By long division,

curve has two asymptotes y=x+3and x=2.
The x-intercepts are (-2,0) and (1,0).

- -



d) Asymptotes x=0,4 and y = 0.
2Ax* - 4x)—(2x —4)(9-2x)
X2 (x—-4)
2(x* —9x-+18)
X (x— 4y
2(x—3)(x —6)
X*(x—47

'3

y =0 when x = 3, 6.. Tuming points (3, —1), (6,—%) .

{The guide graph (9— 2x)x(x —4) is added in purple)

_ AY
§
i
\
\

2—-x 2—x
Asymptotes x=2and y = —x — 2.

y =1+ (2_:)2 .Y =0whenx=0or4.
. Turning points (0, 0) and (4, —-8).
y ﬂ"
R~ > X
-2 T~ 2 "

f)Asymptotes x=-3, 1and y = 1.
The x-intercepts (~1,0) and (4,0), the y-intercept (og.)

The graph shows no turning points (here, y’ > 0)
The guide graph (x + 1)(x — 4)(x — 1)(x + 3} is added in

2% pink.

Worked Solutions 193
g) Asymptotes x =+1 and y = x. The x-intercept is (0,0)

27,2
,_X(xX=3) y' =0when x=0.+/3

(-
. Turning points i(«ﬁ %&] and (0,0).

The point (0,0) is a horizontal point of inflexion.
The guide graph x(x* 1) is added in pink.

yh

h) Asymptote y = 1. The x-intercepts (+1, 0)
(The function is even, so it's symmetrical about the y-
axis)

4 :(_x;%?sy' =0whenx=0,.. TP (0,~1)

The guide graph x* —1 is added in pink.

4 a)When x -0,y — x:y =x is the asymplote.

When x — 0,y —>~:? y= % (or x = 0) is the asymplote

y' = 1-;12-,y' =0 when x* =1,". x =41, .. Tuming

points (1, 2) and (-1, -2).

T\~
&

» X

e

pa

b) When x —> o0,y —> x?:y = x* is the asymptote.




1 94 Worked Solutions
16 16 .
When x — 0,y —>—:y=7(orx= 0) is the
X

asymptote. The x-intercept is (~3/16,0) .

y' =2x—1—?,y‘ =0 when x> =8, x =2, .. Tuming
X
point (2, 12)

Y &

¢) When x — o,y — Xy = x is the asymptote.

{orx=0}isthe

X
asymptote. The x-intercept is (3/4,0).

When x — 0,y —>;—§:y=

1] '8 7 B B i
y =1+7,y =0 when x* =-8,.. x=-2, .. Tuming

point (-2, ~3)
Ya

N

d) When x — oo,y — x:y =x is the asymplote.

When X—>O,y—>:31:y=;—3(orx=0)isthe
X

asymptote. The x-intercepts are (1,0) and (-1, 0).

' 3 . i i
% =1+x_“> 0, ..No turning points.
AY

5 a)When x > a0,y > x—1:y=x~1isthe

When x —>1,y — % - x=1Is the asymptote.
y’ _,_1___.

(x =1
~x=00r2, .. Tuming points (0, —2) and (2, 2)

y' =0when (x-17 =1, ".x—1= 21

Y4

b) When x — o0,y —1—x:y =1—x is the asymptote.

When x > 1y — % ~.x=1is the asymptote.
X..‘...

The x-intercepts are (0,0) and (2,0)

y' =1 -&1—)2 <0, ..No turning points,
~ VA
“~
\ 1 S

c) When x > w0,y — x+1:y = x+1 is the asymptote.

When x > 1y — % ~.x=1is the asymptote.
—X

For the x-intercepts: Lety =0, x+1 +1—1« =0,
- X

A= H1=0,0 x =12
79

d) When x —» o0,y — x—1:y = x—1 s the asymptote.

asymptote.



7 -~ x=1is the asymptote.

When x—>1.y—>(——1——

y’:1————( 21)3 y'=0when (x=1°*=2,". x=42+1
X_

~.Turning point [2/5 +1,32+ %w .

/

For the x-intercepts: Let y =0, x —1 +(+)2 =0,
X —_

Ax=1P+1=0,0 (x=1° =1, x =0,
y A

3x+10
X —x—8

X +2x+4

6 -
Y x> —-x—8

Asx—++oo,y:1+§—>1*, asx o -,y > 1.
X

The asymptotes are x = -2, 3and y = 1.

AY \
SR K R i S
=) —»>x
7
a) , iz
|
1
4 y

195

Worked Solutions

C) ! 1 H‘ i
A\ l
/! ;L
—& 2 » X
d)J yAk
N
NN
FASAN IR
IR
L i LTJ
—= 2 g J
t -
g) /a k
— 275
h) yA L
—4 2 » X

Note: In (b) the curve is reflected about the y-axis, in (c)
if x < 0,f(|x|) =f(—x) , in (e) the curve is shifted to the




1 9 6 Worked Solutions

right 2 units, in (f) it's the curve in (b) that is shifted to | g) VA
the right 2 units, in (h) where f(x) > 0,f(x) =1y .
8 .
R y4 3 BN 4 ¥
5 :
2 AN
:p t
' f h) Y A
!
!
»x
b) Ya
>

- 3
1 9
a) y A

C) Y A A 1
N > x
» X

I\

H b) y
d)

Y A
— ! X

/ _
AT
f : Av d) \ >'X




10
a) Y A
=1 1 » X
b) Y i
_1/\\/; > X
C) Y A
d) }“k
_ 1 )X
11
8) (1-x2 >0
1+x2=2x 20
xR 2 2x
2
1+ %2
2x 2(-x) -2x
b) Let f{x} = =, F{—X)= 5 e = = (X
Lt 1(x) 1+ x2 (=x) 142 1+x° (0

~.fix)is odd, ... Its curve is symmetrical about the origin

c)As X — Oo’ﬁ%}'f —>0:y =0is the asymplote.

197

=1when x =1, thus, (1, 1) is the

Worked Solutions

Further, 2x 5
1+ X

maximum paint.

Y
(1,1)
»X
-1.-1
12
Casef:a<-2
Y a
a 2 2 "”(’;X
N =" "
’l‘””'—a
,;””“\_
Case2:a=-2
Y

Case 3: ~2<3<2

’/;Zfia

Cased a=2




e o A

1 9 8 Worked Solutions
Case5:a>2

2 __/ 2 _
Note: When a =2,y = x -4 =x+a+a 4 the
x—a X—a
curve has a vertical asymptote at x = a and an oblique
asymptote of y = x +a . Its x-intercepts are (2, 0).
x*—4
When a=-2,y=
X+2

=x-2 ifx»~2: The curve

is the straight line y = x—2 with a hole at (-2, —4).
2

X “; =x+2 if x= 2: The curve is

x —

the straight line ¥ = x+2 with a hole at (2, 4). .

When a=2y =



(H) GRAPHS OF THE FORM y=|[f(x)]" , wheren>1 and an integer

The graphof y= [ f (x)]” can be sketched by first drawing y= f(x) and noticing :
¢ All stationary points must still be stationary points

» All points where the curve cuts the x-axis are also stationary points on the x-axis

e If lf(x)l > 1then [f(x)]"‘ > f(x)

1 |f(x)] <L then [ £(0)]'] < £(x)

¢ If n is even then [f(x)]" =0

* [f n is odd then the sign of [ ¥ (x)]” is the same as the sign of f(x) for any given value of x

.
Exercises 9 e g-‘”)]

y= Fox)
< >
3
""" [f un]

(b) Sketch y= sin” x and y= sin’ x
W AN :

A

A




Exercise 1.2 (The graph of y= F"{x)}
1 e)

a) \AM’
1 \/ —1
> X

) \A

b) N4 V f) . \/yu
! 4
2 ' 1 X
1 -1 )
. //-\ )

¢)
i AY
Note: The purple curve is f{x) and the blue curve is
- 1 F2(x).
7 > x 2 a)letf(x)=x"-2,g(x)=F(x)=(x*-2)".
\ E g'(X)=SX(X2”“2)2.
) Lg(x)=0whenx = ++/2,0.
d

Tuming points (—~/2,0),(0.-8).(~2 0).
Determining the nature of the turning poinis:

x| 3| v2lalol1(v2]3
0 0

! + 0 +

N IN[=71=T7

1

e

-

A
~

D L™ S IV

WA e st e nt e e e B MR v W

wﬂ/""

(«\/5,0) and (\/f .0) are horizontal points of inflexion.




2x 8x°
b)Let f(x) = ——, =P (X) = ——.
jLet f(x) ] g(x)=F"(x) 0Ty
oo B30+ —6x (X2 +1)7)  24x*(1-x?)
gx)= 7 b = 2 A
(x“+1) (x°+1)
~¢'(x)=0 when x =+1,0.
Turning points (—1,—1),(0,0),(1,1).
1] 1
x| =2 A | =503 1 2
g - 0 + 10|+ 0 | -
NMEAPAEIPAEIN

(1,1} is minimum, (1,1} maximum and (0,0)
horizontal point of inflexion.

1 Ay

-1

x2 -1 X2 -1
Xl g =0
X X

Tuming point (+1,0). But since g’{x) >0 forall x =0 or
+1, these are the horizontal points of inflexion.

Worked Solutions

199

Notice that both curves have a vertical asymptote at

x? -

x =0, but due to

! =X —1, f(x) has an oblique
X

asymptote of equation y = x , which becomes the
asymptote y = x° in g(x).
d) Let f(x) = x2(x* —2), g(x) = x*(x* - 2)°.
g'(x) =6x°(x* —2)° +6x" (x* - 2)
=12x%(x? = 2)*(x* ~1).
. Turning points are (0,0),(++/2,0),(x1,~1).
Notice that the x-intercepts (++/2,0) of f(x) become

horizontal points of inflexion, but since this is an even
function (0,0) becomes the maximum point. This
confirms that not all x-intercepts of f(x) become points

of inflexion in the graph of g(x) =f*(x) .
F 3 ¥

Note: The purple curve is f{x) and the blue curve is

g(x)=F*(x).
3
a) /“16
7 N

| /\“116

: 3 1 >

A
c)
4 1 g




200  Worked Solutions

d) A
/\ |
2 -1 142
4 . " » .
a) Note: The first curve in each question is in green, the
§ second curve is in purple and the third curve is in blue.
a)For0<x< % sinx <1,.. sin® x > sin’ x,
X al2 zi2
e J' sin® xdx > _[ sin® xdx. .. False.
0 0
B For2<x<3,‘1—-x|>1, 1 <1, 1 > L y
[1-x| [1-x (1-x)
3 3
b) y . oK J‘——dx~7 = False.
| J1-x j(1-x)
| 7)For0<x <1,x>x%,.. x> x*™
i 1 1
' o [x®™dx > x*dx. .. False.
! » X 0 0
i 2000 2001
l S)For 0<x <1, x™ >x 'xz‘m+1<x2°m+1
i 1 1
: dx ax
. . 3 ) . J‘ o g~ _[ o g True.
) Since [sinx| <1sin® x| < sin’ x <|sinx] . g X T X

111}’

-1

d) ;{7 is a hyperbola with asymptotes x=-1y =0.

——is the reciprocal of the parabola x* +1. Since

x°+1

<1.
“<+1- | mmmmsmsmmegrooTossTozs

1, T . S e
Letg(x) =——.9 (x>=(§—;‘17,

g'(x)=0when x =0, .. Turning point (0, 1). However,
as g'(x) <0 for all x = 0, this is a horizontal point of
inflexion.

w> X +121,0<




%
> X
1

b)In(x?) , whose domain is x = 0, is not the same as

2inx , whose domain is x > 0.
4
y

3
1 1%”

¢) lni2 =In1=In{x?) = —Inx?. Its graph is (b) reflected
X

about the x-axis.
y
—1 d X
. d)y=xInx
¥ =Inx+1
y=0when Inx=~1..x= 1 TP[1,~1},
e e e

y'is a monotonously increasing curve, so this is a
minimum point (its gradient changes from negative to
positive).

let y=0,x=0"orlnx=0,..x=0"1.

As x = 0,Inx —> —oo,y = x.Inx — 0" (because In x is

a weaker function, compared with x" ).

v
>

201

Worked Solutions

e) y = x(inx)?
y' ={Inx)* +2Inx =inx(Inx +2)

y'=0when inx=0,-2,.. x= _12.,1.
e

. . 1 4
. Tuming points: (;—2-,6—2}(1 0).

y"=2(|nx)l+3= 2(Inx+1)'
X X be

1 1 4
When X = —,y" = -2¢* <0,..] —,— | is maximum.
e e2 y (62 eZJ

When x =1,y" =2 > 0,.". (1,0) is a minimum point.
Let y=0,x=0" orinx=0,.x=0"1.
As x — 0" (Inx)> = oo,y = x.Inx — 0" (because In x

is a weaker function, compared with x" ). Also, notice
that y' = (Inx)* - +w asx —>0".

fiy=x*Inx
y'=2xInx+x=x(2Inx+1)

' 1. 1
y' =0 when inx_—a,..,a(.-.i—]_g
. Turning point: [Lj]
Je 2
y"=2Inx+3.
When X = 1 y =2>0,. (ljj is minimum.
Je' Je '2e

Let y=0,x=0" orinx=0,-.x=0"1.
As x — 0*,Inx — —0,y = x*.Inx — 0 (because x
dominates the function). Also, y' —>0asx —>0".

yil

2

v




202  Worked Solutions
g)y = x*(Inx)?
y'=2x (inx)* + 2xinx = 2xinx(inx +1)

y'=0whenx=0" orinx=0,~1..x=0"1or —;—.

.. Tuming points: [1,-—15-}(1,0).
e e
y"=2(nx)* +4Inx+2Inx+2=2(nx)’ +6inx+2.

When x = -1- y"=-2<0,.. (1—1;] is maximum.
e ee
When x =1,y"=2>0,-.(1,0) is minimum.
Let y=0,x=0"orinx=0,-.x=0"1.
As x — 0% ,(inx)? — 400,y = x*.Inx > 0* (because
x* dominates the function). Also, y' — 0 as x — 0" .

y' =2x (Inx*)+ x* % =2x(Inx?)+2x = 2x(Inx* +1)

1
'=0whenx=0orinx*=~1,-. x=00r+—.
g NG

- Tuming points: [t—L,——;-J and (0,0) although

Je

the curve is undefined when x =0,
y"=2(nx*)+4+2=2Inx* +6.

1 1 1
whenx =4—=,y"=4>0,"| £t—=,—— | ismin.
N [ Je e]

When x — 0,y" — —0 <0,.~. (0,0) is maximum.
Let y=0,x=0"orlnx=0,..x=0"1.

As x — 07 or 07,(Inx?) — —oo,y = X2.inx* - 0”
(because x* dominates the function).

Ay
B\ g
&3 | )

hy=e

y'=e" (~-1—2~) < 0,.-. No turning points. However, as L
X

x—>0",e"" =0,y —0,

When x — 07,y — 0"; whenx — 0",y — 0.
When x — +o0,y — 1°; when x — —o0,y -1,

Note: This question can be done by drawing ;1(- then

the composite function e (Refer to section 1.4.2)

yﬂ
R
S
\\ j
. e
y= <
, e'x—e" e'(x-1)

y' =0 when x =1,.". Turning point: (1,e).

Consider the graph of y’, as e* and x* > 0 always,
the sign of y' is determined by x —1.

Forx <1y’ <0, for x > 1,y >0,.. (1,e) is minimum,
When x — 0,¥ —> co.

When x — +o0,y —> +0 (¢* dominates the function)

When x — —0,y — 0.

14 Au

(1.€)

A 4
>

e
k))"=‘x—2
, ex'-2x¢" e'(x-2)

2
y' =0 when x = 2,.". Tuming point: (2%—}
|

x| 1 3
y|-10 *
N 2|




Vorked Solutions 2073
2
(2,%—] is a minimum point. M\ -
Whenx — 0,y — . /I \_

When x — +o0,y — +00. N S VRN

When x — —o,y —> 0" (e* dominates the function)
4

-.x = 0is the minimum point, and x = 2 is the
maximum point.
When x — +o0,y — 0 (e* dominates the function)

When x —> —o0,y —> +o0,

4y

4
X2 2’?) :
hy=—
7]
. 2xe"—xe*  x{2-x)
y= e2x - e >y

- N 4
y'=0 when x =0,2,.". Tuming point: (0,0) ’[2'}}'5'} Notice that the purple curve in each of parts (a) to (h) is

} Consider the graph of y', as e* > O always, the sign In x, while in part {i) is 1
of y' is determined by the graph of x(2—x). X




" (D GRAPHS OF THE FORM y = Jf(x)

The graphof y= ,/ Sf(x) can be sketched by first drawing y = f(x) and noticing :
o JF(x) is only defined if f(x) >0
. ,‘/f(x) 20 for all x in the domain

o JF() < f(x) if f(x)>1, and 7)) > flx) if 0< f(x) <1

dy _ _JS(x)
* —= implies there are critical points where f(x) =0
dx  2.Jf(x)

Exercises

Sketch :

(a) yz\/xa —4x

N

N




1 2  a)i)Solving x(x—1) 20 gives x <0 or x =1
' i) y? =x(x 1) =x* —x.

2yy'=2x-1.
A o 2X‘—1
> X Y=

2. [x(x-1)

y'=0when x = % but this point does not belong to

‘ ‘ the domain. Whenx >0 or 1, y' — .
| The curve y = {x —3)%(x —1) is in purple, while the i)
E curve y? = (x—3)%(x 1) is in blue.
B/ by =(x-3(x-).

2y = 2(x—3)(x — 1)+ (x—3)* = (x —3)(3x -5).
L (x=3)3x-5) _ 3x-5
V-3 -1 £24x 1

4

MY

ifx#3.

| V' =0whenx =—g— Tuming points (5 +f_\/:.]

V~ "> whenx —>1.
a3 J b) i) Solving 4—x* > 0 gives ~v2 <x<2
y—~>+\[——+w/‘WthX—->3 ﬁ)zyyrz_4x3‘




204 Worked Solutions

Y= A -2x°

B 1Ja—x*  +fa-xt

y’ =0 when x =0, Tuming points: (0,%2).

When x — +/2, ' — oo.
i) 4

o
=

¢) i) Solving (x + 5)(x —1)(x —4) = 0 gives
~5<x<1orx24.
ii) y? = (x +5)(x - )(x —4) = x> = 21x + 20.
2yy’ =3x* =21=3(x* -7).
3(x2-7)
+2,[(x+5)(x =1)(x~4)
y’ =0 when x = ++/7, but x =~/7 does not belong to

the domain. Tuming points are (—ﬁ L £~/20+144/7 )

Whenx — -5,10r4,y’ —» <0,
iii) y 4

\ 4
b

Ly'=

S5 -7

d) i) (x* —1)(x* ~4) 2 0 gives
x<-2,-1<x<1orx=2.
i) y? = (x> —1)(x* - 4).
2y’ = 2x(x* —4)+ 2x(x* —1) = 2x(2x* - 5).
o 2(2x*-5) x(2x* ~5)
£2(x N> —4)  +(E-N(x*—4)
Whenx > +1or+2, ¥’ — . Whenx =0,y =0.

i y 4
\4\ -1% & 2//

e) i) x(x —1)* > 0 gives x > 0.

i) y? = x(x =12

2yy’ = (x =1 +2x(x 1) = (x = 1)(3x - 1).
' (x NHBx—1)  3x-1.

. 2 1)\/._ +2J_ fxs1.

y'=0whenx=_ Tumlng points (3 ,..3—%)
When x — 0.y’ —>oo.Whenx—>1,y —+1.
i) v 4

(1-x)201-x* 20 1< x <1,
4

i) x*
iy y? = x*(1-x*)=x" —x
2yy" = 2x —4x® = 2x(1-2x%).
Lo 2x(1-2x%) 1 2x*
Y _i2xJ1—x \/1 x?
y'=0whenx= _T’ .. Tuming pomts( S’ii%)

When x — +1,y" —c0. Whenx - 0,y" — %1.
iii) Ay

if x 0.

g)i) (x—1P(x—3)>0gives x>3 orx =1.

iy y? = (x—1)*(x ~3).
2yy" = 2(x —1)(x = 3)+(x 1) = (x —1)3x-7).
L =0Bx=T) _ -7

A 2x~1x -3 i2\/x-3"f”1'
Whenx — 3.y’ — .
iy y 4

1 3
» X



http:2(x-1}.JX
http:20+14.fi

h)i) 21 20X’ -4>0x<-20rx>2.

o 2 1 , —2X
= then 2yy’ = ———.
i)y ) hen 2yy (247

Y'=—X2X 24= X ifx =42,
(=4 J(x2 -4y

y' =0 when x =0, but x =0 does not belong to
the domain. When x — +2, ¥’ — .

i oy 4
:iféi .

Note: In each question, the purple curve is y =f(x)
. while the blue curve is y2 =f(x).

3

- a)Letf(x) =

L)

Y

2

X2 (—x)? X
then f(—x) = = =
e e (=) 1—(—x)* 1-x*

{x), .. This is an even function. Even functions are

~ symmetrical about the y-axis.
2

b) AS X — oo, = 14

1-x 1—x

o

— 17,

2

: 0= 2x(1-x)+2x° 2
' (1-xf (=X
. y'=0when x =0,.. Tuning point is (0,0).

yA

-y
A
=

B T

wored Soitons 205

4 i)
4x* 4(—x)*  4x?
Let f(x)= then f(—x) = = =
) Let f(x) T =x) 1+(-x)* 1+
f(x), ..Even.
2
b) Asx - oo, —4- 4,4
1+ x 1+x
0 ., Bx(1+x*)-8x*  Bx
V=T Ay (1ex?)

¥’ =0 when x = 0,.-. Turning point is (0,0).
d) It's the purple curve, and &) it's the blue curve.

4 4—x)  —4x
a)letf(x)= then f{—x) = = =
) LetFlx) = hen (=) = S =102
—f(x), ..Odd. Odd functions are symmetrical about

the origin (point of symmetry).

x2 — 0.
1+x

b) As x — 0, 4X2 — 0" . As X — ~0,
1+x
A+ x5 -8xF A(1-x
c)y=( )22 :( 22)'
(1+x°) {1+ x%)

y' =0 when x = £1,.. Turning points are +(1,2).
d) It's the purple curve, and e) it's the blue curve.
AY

2

ﬁfx
-1 1 » X

i)

2 AR g2
a) Let £(x) ==X then f(—x) ==X _1=x _

{(—x) -X
~f(x), -Odd.
2
b)Asx->+oo,1—x =l-x—>—x
X

BT e RO SR
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A - i i .
0y = ;1(_ Xy = ;1_2_ —1<0..- No tuming points. b) As x — +co, dividing both top and bottom by e* ,

e —e* 1-e¥ 1-0_

d) It's the purple curve, and e) it's the blue curve. e*+e* 1+e - 1+0 1.
y A Oy = (e* +e*)Y —(e* ~e™*)?
(e* +e™)
_(e¥+e P +)-(e"+e -2 4
A B (e* +e*) T e +e )

y” > 0.~ No tuming points.
d) It's the purple curve, and e) it's the blue curve.

iv)

a)letf(x)=e" —e™ then f(-x)=e™ —e* =—f(x)
-.Odd.

b)Asx — +w,e™ 5 0,-.6" -~ 5.

c)y'=e* +e™ >0.... No tuming points.

d) It's the purple curve, and e) it's the blue curve.

y4 5
a)
\> x
v)
a) Let F(x) = ——— then f(—x) =—— =f(x)
e +e e +e
~.Even, .. The curve is symmetrical about the y-axis. b)
b)Asx — +oo,8* +e7* —>ao,:.T1—_—x—> 0.
e +e
o _(ex —e_x}
(e +e™)y

y'=0whene* =e™, 6% =1,.x=0,-TP: (0,7).
d) It's the purple curve, and e) it's the blue curve.

le
1 c)

%T\“
\/

vi)

1ot XX

a) Let F(x) = =% then f(—x) = o =—f(x)
e +e e’ " +e

-.0dd. . The curve is symmetrical about the origin.




e

. (The green curve is the curve in part c)

Worked Soluors 2 ()7

7 A xy=x+yi oy -1)=x

X
ny=%
P VX -1

Domain: x < ~1,x>1orx =0
2
Let's draw the curve y = f =1+ '21 first.
X -1 x°—1
Asymptotes: x =41y =1.
& -)-2° 2
(-1 (x* 1)
.. Turning point (0,0). This curve is drawn in red.
(The guide graph x* —1 is added in green).
2

.y’ =0when x=0

The curve y° = ?{7 is drawn in blue, noting that for

2
~l<x< 1,—-5)—(—-1— <0 except when x = 0, so its square

roots cannot be found. Forx <—10r x> 1, since

x? x? x?
>1,
x? -1 x* -1

—— oy e - o

b) Domain: x*-x*>0=1-x*20 ~1<x <1,
2y’ =4x* ~6x°.
. 4A°-6  xX*(4-6xY) _ x(4-6x%)
BN I N N
When x — 1y’ — 0. Whenx - 0,y — 0.

. . 2, 2
Turning points (0,0), (i\/; 'iEZE‘a')‘

fx=0

The red curve is y = x* — x® and the blue curve is

yr=x*—x°.




B Review Exercise 1.5

1 a)Asymptotes x=+1andy=0.
- The x-intercept (0,0).
. (The guide graph x(x* —1) is added in purple)

Ay /

e e

A 4
>

b) Asymptotes x=—1,0and y = 0.
- The x-intercept (1,0).
- [The guide graph (x —1)x(x +1) is added in purple)

AV

2l e

. ¢)Asymptotes x=+1and y = 1.
- (The guide graph x—1 is added in purple)

-1

""""" Y

'~ d)Asymptotes x=-1andy=x-2.
(The guide graph (x —1)x(x+1) is added in purple)

e) Asymptotes x=2,—1and y = 0.
Note: The guide graph (5—x){x —2)(x +1) is added in
purple in parts (e) and (f).

. Ay

b

f) Asymptotes x=~1,5and y = 0.
A
y

) 2x2+4x+3_2+4x+5

V=g ~ea

As 2x* +4x+3 >0 (jts discriminant is —8), the guide
graphis x*—1,i.e. y >0forx <—1orx>1;and

y<0for—-1<x<i.




Forx <-3 or 0<x<3,y"<0: concave down.
Forx>3or —3<x<0,y”>0: concave up.

Y A
933
-3 3 >y
-933
fy =4x* +4. ,
y' =0 when x = -1, . Turning point: (-1, ~7).
y"=12x7.
When x = ~1,y" =12 > 0,.". minimum point.

y'=0when x =0.
However, since y” =12x’ > 0, the curve does not

change its concavity at the neighbourhood of x =0,
..(0,~4) is not a point of inflexion.

1/
7

-1
X —x+2 4
9 =X=24—
X+1 x+1
Asymptotes; x =—1, andy =x-2.
4
Tl ——
AT

y'=0when (x+17 =4, x =-3,1
- Turning points: (=3, —7) and (1, 1).

1
e -
i .y

-
-
-

377

h) Asymptotes: x=0, 1and y = 0.
1-3x

. 3 —4x+1)  ~(Bx=N{x-1)
ToxXx=1)t =1

x*(x-1)°
=1

f_ 1 . o 4127

y _Owhenx-g. .. Turning point: (g':() .

if

\

217

forked Solution

=

y‘k

[V (R |

<

L 2Ax—1)? 2xP—4x+2
i) X2 = X2
Asymptotes: x=0and y = 2.

2
_2-

:2—i+
X X

As x——>-+~00,y=2——:t——>2_;asx-—>—oo,y—->2*.

L4 4 Ax-) ‘
zx—z—;gz (x3 ),y =0whenx=1.
.. Turning point: {1, 0).
37
_________ 2] “-—7;
1 > x
i 2(x -1 _“2x2-—4x+2m2_ 4x
X+l xE+1 T x4

As x—++oo,y--2—-§»—>2"; asx — —o0,y —>2".
A1) -8 4 )

(x> +17 (x* 417

. Turning points: (1, 0) and (-1, 4).

(-1.4) Y4

y'=0whenx=%1.

L

x* -1 2
K =1- .

) x*+1 X +1
As X — o0,y — 1.

4x

"= ——e—— y'=0whenx=0.
Y (x* +1)? Y
-~ Turning point: (0, —1).
This is an even function, so, the curve is symmetrical
about the y-axis.




218 Worked Solutions

/ )
3.—-
l)x 1:x2—i
X X
As x > 0,y — 0 a8 X — +o0,y — X°.
1 1 —1
"=2X+—,y =0whenx® = ——, " X =—x=.
y e y 5 P

ol _3_]
(Note: The purple curve is x* )
h

y

.~ Turning point: (

A
¢

3 a)g(x)=xe™* =0 when x =0, positive when x >
0 and negative when x < 0.
gx)=—xe " +e* =" (1-x).

g'(x) =0 when x =1,.". Turning point (1,;;).
gx)=—e"—-e*(1-x)=e""(x-2).

g”"(x) =0 when x = 2,.". Point of inflexion (2;22-

When x — +0,g(x) — 0. When x =-1,g(-1) =—e.
14y

-]

(—1: - e)
b) g(x—2) is the graph of g(x) having franslated to
the right 2 units, .. g(x—2} starts from (1, —¢} goes up
to a maximum at [3%} , then decreases to zero as

X >+,

For x <1,g{—x)is the reflection of g(x) about the y-

axis.
}’1;1

|

-1 3

{1. —€)

4 a)As x > oo,f'(x) >0, f(x) - C . Since 3) >

0 (given), C must be positive.

b) Stationary points at x = -2 and 1.

At x = 2, as its gradient changes from positive to
negative, it's a maximum point.

At x =1, as its gradient changes from negative to

positive, it's a minimum point.

The gradient is most negative at x = —1 and most

positive at x = 2, hence, these points are points of
inflexion.

T

5 a)Consider h(x) = x* —4x* +4x*

= x3(x? —4x +4) = x* (x-2)%.

Since h(x) is the square of the parabola x(x — 2),
h{x) has two minimum points at x=0and 2, anda
maximum point at x = 1.

.. Turning points of h(x): (0, 0), (2, 0)and (1, 1).

. The graph of x* —4x® +4x* —% (it's the graph of
h(x) shifted down % units) cuts the x-axis at 4 points.

.. The coordinates of the turning points are (0,—%) ,

1 1
(1,5) and (2,—5).
Note; We cannot tell the exact values of the x-

intercepts.
Ay

1

IVANTYEY
/N

L]




Worked Solutions 21 9

b :
1;) Note: The graph of InTx has a sharp point at x = 1.
1 ii) AY L/
l 1 ) X i (e |
A > X
i) The curve y? = g{x) is equivalentto y = *./g(x) . It \:1

is defined on the domain where g{x)= 0 only.

> Ay , Note: As the question does not ask for further
1 calculation, there is no need to calculate the point of
2 /\ inflexion, which occurs at x =€”.
1 > i) ,
U >X 4 y
4 t
7 Je
# e S
, > X
¢) 2yy' =g'(x).
Lo g gl _ 71‘
2y £2J9(x) °
y'is undefined when g(x) =0, .. Atthe zeros of g(x), | 7 For f(x)=2-x—x? =(2+x)(1—x) , the x-
the curve Of y2 = g(X) has vertical tangents |ntercepts are (__2‘0) and (1 ’0)
, 1-Inx _ z
6 a)f(x)=—7s—. Vertex: x = 2+1:—~1—,y=2—(-«1 L
~ X 1 2 2 2 2 4
f(x)=0wheninx=1,..x=e,.TP: (e,g). a)y
’ —x—2x(1—-Inx) —-3+2inx
f (X) = ﬁ ) = 3 .
X X
) 3 2
f'(x) =0 when Inx = G X= e?,-. POl [ez -2;‘;77}
—efe) = .| T PEAT
When x =e,f"(e) = 3 <0, (e, e) is max.
b)As x — +oo,f(x) — 0" (since the function is
ts. | dominated by x). As x — 0,f(x)} — —co.

c) ?y

1
e




2 2 O Worked Solutions

d) It's the graph of f(x) shifted to the right 2 units.
4y

e) It's the graph of f(x) but its left and right sides of

the y-axis swapped

)i x>0,itsf(x); [fx<0,it's the same as part (e).

\s

\

g) Where f(x)>0 {y] =f(x) <> +y =f(x).
L

AN
k/\

h) As x — -2 or 1,f(x

) — 0,log(f(x)
The maximum value is ( Jdns )

The x-intercepts are found by solving f(x) =1,

145

L 2-x=X? z1:>x2+x-—1=0,.'. x=—7y

A

AN
[N

-2

Q

f{x)

iyAs x —> 0,8’ 0",

The maximum value is (—-%,e‘ J

N
1
oy
f(x)

V

/

JAs x —>—=2or 1f(x)— 0,

The minimum value is ( ;

-co:z
N—/

X
k) This curve has equation y =——«——. b
) d Y (1-x)(2+x) )
The guide graphis x(1—x)(2+x) (shown in purple) As
: Tt
=2! 1 > x
j: ro
i 1
' Al
) Beginning with In x, critical y-values are —o, 0 and fo
+o0, which occur when x —» 0,x =1and x — -+ in
respectively.
When x — 0,Inx — —o0,f(InX) —> f(—00) = —c0.
When x =1,Inx =0,f(Inx)=f(0)=2.
When x —> +0,Inx — +00,f(Inx) — f(+00) = —oo.
f(x) is max. when x = -% .- f(Inx) is max. when
1 -2
Inx = -5 X=e
yg €79
9
> X
/ / \ !
y




Finding the x-intercepts:
f(x) =0 when x =-2 or 1,.. f(Inx) = 0 when
hx=-20r1..x=e>ore.
X+1
: (x—2)*’
Also, the curve is positive for x = —1. The curve is
shown in purple colour (the guide graph is in green).

X +21 is not simply the positive square

8 a)Fory= asymptotes x=2and y = 0.

-~ The curvey =

¢ oot of the other curve. The reason: for —1 < x <2, x —

V

)”7

: Asymptotes x=—1and y = x— 3.
One of the x-intercept, which is also a turning point is
E {1,0).

e Thecurvey =

Vx+1

oot of the other curve. The reason: for -1 < x< 1, x~

is not simply the positive square

| Also, note that the vertical asymptote x = —1 holds true
- for both curves, but the oblique asymptote disappears
§ inthe second curve.

: AYy .
1
i -
I /
+ — — ¥
—1; j,/ 3
H "”,
4
I/ l
- H
-7 i
’e’ 1
//ﬁ 1
1
]
X+1
19 a) y=?—.
;e e (x+1)  —x
= er "ex .

L v =0 when x =0,.. Turning point: (0,1).

2is negative, therefore, this branch is below the x-axis.
For x >2: it's the positive square root of the other curve.

t 1is negative, therefore, this branch is below the x-axis.

221

As x — w,i"'TT_ -0 (e* dominates the function)
o 'S

Warked Sdl_utions

X+1
AS X ~> —00,—— —> ~00,
e

e
bly= .
)y x* +1
., @ (x*+1)—2xe" _ e* (x—1)?
T (X1 (x* 12

y" =0 when x =1,.. Tuming point: (1,%).

Consider the sign of y’, which is always positive
exceptwhen x=1. .. (1%) is a horizontal point of
inflexion.

E ¢

Asx — oo,~§-——1~ —> oo (as e* dominates the function)
x4+

X

e
As X — —a0,——— - 0.
X +1

4

> X
c) L
y’u+W‘
, e (x+)=2(x+Ne" _ e*(x-1)
N (x+1)° S+

y' =0 when x =1,.-. Tumning point; (1,;).
X 0 1 2

L4 ez
y — 0 -
N |/
-~ This is @ minimum point.
Asx — oo,—e—2 —> oo (¢* dominates the function)
(x+1)




222 Worked Solutions

e XX 5
Asx — —oo(—x:iii— - 0. 4 2
e’ RN X2 =4
ASX_-)—‘LW—)%. X =42
C Ay .. The curve has vertical tangents at +(2, 1).
! b) Dividing both sides of the equation by x?,
: 1_)./3.4_:‘1:2
' XX x X
E S (v IV_5
-1 X 4 \x ZJ x?
e 2
dy= x2_3 Whenx—mo,%—m,:.(Z_%J —>§-.
X
_8 (x —3) -2xe* e (x+1)(x-3)
W3 (-3F ﬁ-% ilfi,:.ieg.
y'=0whenx=-13. X X
J—

3 - Asymplotes: y =
- Tuming points: (~1.51) and (3,%) ymprotes: ¥ =
(]
x Lety=0, x’*:S,..x=J_r\/—.

As x — x, — oo (e* dominates the function) Let x=0, —y? =5, . No solution.

* c) Y 4 v
- ' . @1 -

-~

11 a) y =2sinx+cos2x,—2x < x < 2r .

\ Z—y=2(;osx—23in2x=2cosx—4sinxcosx
X

i
/T\ > ¥°m
— > [}
MM [+ w
D] o
p g [
“mmeppmmm-
(o6 ]
A
»¢

10 3 xz—y2+xy=5<. = 2¢0s x(1-2sinx).

Y _ai _ L
2x_2y§+y+x,q¥_:0 "d?—o glveS cosx =0 or sinx —vz—.
dx dx
37 ~r  3Ir Wz ~In = 5x

—-==2X—y. TTT 272727276 6 '6'6°
Oy _=2x-y _2x+y .. Tuming points: ( iix g),(":"” 1) ('2"'%)

N (-;,3)(;;)( s

When & =0,y =-2x, Put y = —2x info given egn

2 2 2
X —4x" -2 =5 _2” é”

—x* =1. Impossible! X

.~. The curve has no turning points.

dy - X X . .
When — ¥ =—, Put y == into given egn,
o YT riy =y mogvened




b) This equation cannot be solved algebraically. By
adding the line y = -g- to the above graph, there are

three points of intersection, whose x-coordinates
approximately are —2.4, —0.5 and 2.8.

12 a)For0< x<—§-,tanx <1, tanx > tan® x .~ false.

b For < x <414+ x >1, . 14x >1+x,

1 1
5 o & Lo true,
1+ x 14X
13 3)
B
r a \
Al D
O/,
Cc

48 Refer to the diagram, let AD be the diameter,

4 £ABD=90° (semi-circle ange)

L0080 =— =— I =2aC088 .
A 2a

Worked Soiutibns 2 2 3
Arc length BC = £=r.20 =2ac056.26 = 4afcos 6 .

b) ﬁ=4;;:((:036?—49sim9).
dg

9¢ _ o when cosg =0sing,. % — g,
de sing

scot@=a.

2
;’ {;’ = 4a(—sind —(sind + 605 6)

=-4a(2sing +dcosb)
=—4asing(2+86cot 9).

2
When coté = é,gé—ﬁ— =—4asin@(2+ &%) < 0,-. max.
¢) From the graphs of @ and coté, 056’<12r-,the

point of intersection occurs when 8 = 0.86 (= 49°).
¥ F 3

N

PR o

S R
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