
70 WORKED SOLU'rIONS 70 

I 

U NIT TWO. 

aQ1. 1. 
2 

e - 1 .-. 

21 2~ 
2 1 + bb :::: 1 ) e:::: ~ a 

(i) eccentricity e ~4 ~-1 ::::,~ 

(ii) foci ae :::: t x v~ s (V5, 0) S1(-v'5, 0) 

(iii) directrixes x :::: + ~ X + ~ 
-e -\/5 

(iv) asymptotes y :::: ± Qa 

2 2 ,,)a2 + a2 _ ~ Q1. 2. x - y :::: 4 a:::: b :::: 2 e -:::: '2a a" c:.. 

(i) eccentricity e ::::.J2 
(ii) foci} ae :::: 2J2 (+ 2../2,0) 

:::: ~(iii) directrixes x + ... x :::: 
-+ -2 .-..a.::::+J2 - e .J2 .j2 

(iv) asymptotes y :::: + X 

a :::: 2.;3Q1. 3. _ "12 + Ii 4 2 
b :::: 2 ~=2J3=J3 

(i) eccentricity e :::: ~ 

(ii) foci, ae :::: ~ (+ 4,0) 

(iii) directrices x :::: ± 3 

(iv) asymptotes y :::: + ~ x
-J3 

a :::: 12 

b :::: 5 

~ 13:::: 12:::: ~ 

(ii) ae :::: ~2 • ~ (+ 13,0) 

(iii) x :::: ± ~ x:::: ± ~\4 

(iv) y :::: ± ~ x 

Q1. 4. 
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2 2 x 2 	 aQ1. 5. x - 4 Y = 36 4=9 35 

2 
- ~ = 1 	 6~ 

./a2 
+ b(i) e = a 	 =~ 

2 

2 

=¥i-	
b 3j 

(ii) ae = rp 34 3V;• 	 = (+ 3V5,0)
1 

a 	 12(iii) x = + - x = + - e -\1'5 
1(iv) y + -x - 2 

Q1. 6. 4x2 - 4y2 
= 9 a = ~ = b 

(i) e = ..J2 

(ii) ae foci (- 2E ,0)=2E + 2
2 

(iii) x - + --L 
- - 2J2 

(iv) y = + x 

2 
= 2Q1. 9. x ~ = 17+ {' : =V2 

- - .. - -6 _____ -0- ¢ angle betwee~ 
asymptotes 

70°321 

a 4 6e-=T6"""=1 • 
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01. 10. Asymptotes of (x _3)2 _ (~)2 = 1 

[ 

F..:;;..-=-.l...;:;a:..;,.e, 0) 
..:::..--~b;.....2 	

a = b =- 2V28 8 

The hyperbola is rectangular. :. m = 1 

Has center at (3,-1) 

:. Equ. is y + 1 = ± 1 (x - 3) 

y -x + 2 and 
y x - 4 are the asymptotes. 

2 201. 11 • x - Y + 2x + 4y 0 

x2 + 2x + 1 _ (y2 _ 4y + 4) 1 - 4 

(x + 1)2 _ (y _ 2)2 -3 

C~:.~)2 (x + 1) 2 = 13  3 

Hence the hyperbola is rectangular (a = b) 

:. e = ja 
2 

; b 
2 

= J2 	 and the asymptotes have equs. 
y = + x'I 
i. e. are ..L. 

I 	 Working
I' 01. 	 12. 8(5,0), 


ae = 5 


a=.2. ~-4e 5 

b 2 2 (e2 

1equ. 

a _ 1) 

16(25 - 16 )
16 

2
b 9 

2 a 16 

b = 1 

Tangent at (2,1) 

2x2"-y 1 dj x-y=1 

".0 (2, 1) is on the po sitive branch 
_ J 2 + 1 _ ~ 
- -/2 -{2 

... ae ="3 .. . 8 ( V5-, 0) and 81 ( -13 , 0 ) 

distance of 8 from x - y - 1 0 d =1 ~ - 1 IV2 
distance of 81 fromx - y - 1 0 d1 =] -0~ 1 I 

1 .{a = V2 

dd 1 = 1 as required. 
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Q2. 2. 	 4,x2 _ 9y2 == (\ 2y = x + 1 


4(2y _ 1)2 9y2 = 36 


16y2 - 16y + 4 - 9y2 - 36 0 

7y2 - 16y - 32 0 

y == 8 + 12if or 8 - 12'(?'

7 7 


x 2y - 1 


16 + 24l? _ 1 

7 


_ 9 + 24 (? Qr 9 - 24 ,,[? 

- 7 7 


Midpt. M == G{9 + 24-i'2 + 9 - 24\/2) ..:.. 2 (8 + 12JL) 8 - 12 i?)..:.. 2J .... 

~ 	 7 7 "j." 7 + 7 • 


(~, ~) 


(~, ~) 

A more "elegant" method. 

Let M be (x,y) then x 1 + x 2 = 2x 


Y1 + Y2 == 2y, then Y1 and Y2 

are the roots of 7y2 - 16y - 32 == 0 

b 16 


Y1 + Y2 = - a == ~ 

Y1 + Y2 8 	 8
• X 2 1
2 =y '7" = x'7
9 


= '7 
So midpt. is M (~, ~) 

2 
 1
~ x 	 Q2. 3. 

Equ. of tangent: y = mx ± vfa2m2 
b

2 

II to y == ix • 3r:;r-1 
y = 	 "fix ±V42 - '2 


3 1 

Y = "fix ±"fi 

4y = 3x ± 1. 
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Q2. 4. 

WORKED SOLUTIONS UNIT 2. 

1 (x _ :)2
S(3,0) S (-2, °) :. equ. is ...0..:.::.,2""""""""-

a 

_ ~2 
b 

1 

74 

a = 2. Centre (i,o) 

Translate centre to (i,o) :. equ. 
x2 

is 7+ + 
2 
~ 
b 

1 

Then s(2i,0), S1C-2i,0) 

ae = ~ :. e ~ then b 

= 

a Je 
2 

- 1 

2 )25 -1l6 

== 
3
'2 

2 2 
Q2. 5. ~ - ~ 1 Equation o:f tangent; (at any pt. (xi' Y1) 

xXi YY1 
4-"2=1 

Equation o:f asymptotes; a = 2, b =~ 

Y=.:t~x~ Y==.:t.a; 

xx1 _ .f2xy1 == 1 
4 4 

x (x 1 - V2Y1) == 4 

x _4-=---=-_ 
- xi -V2Y1 

Y 2V2 
xi -J2Y1 

dist. o:f (0,0) from 
xXi - 2YY1 - 4 == 0 

(4(h,+j2Y1 - 2) + 12Y1))2 + (2J2(x1 +]2y,1; + x1 - "/2X1J)2
2 2 2 

X1 - 2 Y1 X1 • 2Y1 

(canttd) 
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AB = 

Area of D. OAB 

= 

== 2..j2 sq units which is constant. 

(Le., independent of x and y.) 

2 a 
x2 	 x 2 _Q2. 6. 9y2 = 9 4r- "9 -y 1 

b == ~~ 
1 1Gradient of asymptotes ID1 == 3" ID2 == - 3" 

Equation of tangents JL to these asymptotes have = -3, = 3. ~m1 m2 
General equ. of tang. y == fiX ±Ja2m2 _ b 2 

Y == -3x ±v'9.9-1 <=} y::; 

or y = 3x ± v9. 9 - 1 z~ Y = 

2~ x -9(9x2-24V)x+80)-9=O 

2
80x -216!5x+729=O 

(4{5x-27)2=O :. :Js~x = 	 5 . A( 27 ..::.1.. ) 
1 " 4{5' 4.t5 

Y=-
4{5" 

2(ii) Y -3x-4{5f\x2- 9y2=9 =-? x 2-9(9x r 24V5x+80)-9=O =df 80x2+21EV5x+729=O 

=7 (4v5x+27)2==O : •. x = - :Js, y = 4rs'~B(~, ~) ~ 
2 2 2 2:iii) y 3x+4{5{\x - 9y2=9 	~ x -9(9x +24v'5x+80)-9==O =7 8Ox +21EJ5x+729:0 

~ (4(5'x+27)2;:::o :. x::; -27, Y ==..::..1. C(::£L., -=1.) 
. 4{5 415 4/5 4{5 

D(-27 1)
4{5'4{5 

(diagram on following page) 
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"';}2. 6. (cont'd .. ) 

4,x2 _ 8y2; Q2. 7. =: 

2 
x :i 6)
16 - 8 =: 1 a == 4, b =: 2Y2 


Equation of asymptotes y =: + .fl.x 

- 2 

Let t.be equation of the straight line be y =: mx + c 

x 
2 :iintersecting the curve 1b - 8 =: 1 at P,Q and intersecting the 

asymptotes at p1,Q1. 

If P and Q are the points (x 1'Y1)' (x 2'Y2) then x 1 and x 2 are 

the roots of the equation; 

4,x2 - 8(mx + c)2 "" 64 
2 2 2x _ 2(m2x + 2m.:l:C + c ) - 16 == 0 


_
x 2 (1_2m2 ) - 4mcx - 2c2 16 ='0 

• Sum of roots, 
4mc 

1 - 2m2 

(continued on next page) 

-------'~, 
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2 2 2m2_1 1-2m2 

c 

Now we find that Rand S are the same point, i.e. PQ and p1Q1 
have the same midpoint. 

. PP1 = QQ1 as required. 

Q2. 8. Find Q between tangents from (2,3) to 

1 (a = b J2) 

Equ. of PQ =7 ¥-4t :::; 1 

2x - 3y = 2 =1 x = 1+ ~ 
2 

Chord of contact x - 4 :::; 1;PQf\ 2" 

(1 + 4t)2 - y2 - 2 0 

1 + 9*2 2+ 3y - y - 2 = 0 

9y2 + 12y - 4y2 - 4 0 

5y2 + 12y - 4 :::; 0 

4v'i]+ 


y 
Dr -12 ....;?:2T± 


10 


x -8 + 6Jl"Zt -8 -6JJ]or x = :10= 10 (Cont'd on next 
page) 

Let R be the midpoint of PQ, where R is (x 3 , Y3) 
x 1 +x2 2mc 

Then x3 ~ 2 = 2 
1 - 2m 

(Solving for Y1 it can be shown that y2 (1_2m2 )_2cy + c
• Y1 + Y2 c )

2 21 - 2m 

If p1 and Q1 are the pOints (xi,y;) and(x2'Y2) then x; 
root of 

mx + c = '4x 

so x
, 

:::; 
-2c and 

, ../?C 
1 2m - J2 Y1 = 

)2 - 2m 

x'2 is the root of mx + C ::..-4x 

-2cso x' and y':::; ftc
2 2m +J2 2 J2 + 2m 

Let S be the midpoint of p1Q1 , where S , , is (x4'Y4) 
x 1 + x2 

-2c 
-2mc 2mcthen x4 ~m -.J2 

+ 
2m +.J2 :::; = 

2 -'8m2:::;0 ~ 

is the 
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p( -8 + 6ill -6 + 2m ( 6)10 ' 5 ~ 1.44, 0.29 

Q (-8 -6ill -6 - 2JIlf ;, (-3.04, -2.7)
10 5 


A(2,3) 

3-0296 


m	 = 2-1.44 == 4.8291 
t 	 Iv' 4.82~ - 1.131 

an J == 1 +879 x 1.131 

3.696 
== 6.462 
== 0.5723 

22 2 x 2 
! 2. 9. 2x - 8y = 3 <=9 -3 - 1.....3 == 1

12 18 

s ~ (ae,O) ~ (6i=,O) ae ==.J5 • ..a:
2' ,f2 

~ == ..13. ..L == 'W.. directric' x ==?d:i 
e 	 iff,J5 JlO' '.f1O 

?dl 1. J!1. 
x =vm flY ==2'x •• y =v'1O 

. (?J.2. J:l..)~.e. M V10 ' {10 

Gradient of MV 

:. MV IINS 




79 ''lORKED SOLUTIONS UNIT 2. 79 

2 
x ~ Q2. 10. 15' - 9 1 a = 4] Equation of asymptote 

b = 3 
Equation of tangent at (x1 ,Y1 ); 

xX 1 YY1 
1'b-g =1 

9xx - 16YY1 1441 

A Y = ix - 6> 9xx 1 

---

- 4xY1 483xx 1 

• x ~48..:..;:;...-.--_x(3x1 - 4Y1) = 48 
o. ::: 3x1 -. 4Y1 

.2 48 36 
Y=If°3x - 4Y1

1 

. A( 48 
Le. 3x - 4Y1

1 

B =Y Y = - tix - ® 3xx1 + 4xy1 = 48 .'. x = 3 4f x 1 + Y1 

.2 48. -36 
. Y :: - If . 3x1 + 4y1 •• Y ::: 3X1 + 4y1 

48 -36)(i. e. B 3x1 + 4yl' 3x1 + 4y1 

Midpt. of AB; 

( 48 + 48 ) 7- 2 = 48(3x1 +yY1 + 3x1 - 141 ) = 144x1 
3X 1 - 4y1 3x1 + 4y1 2 2 2 2 

2 ( 9x1 - 16y1 ) 9x 1 - 1.6y 1 

2=x 1 (Since 9X~ - 16Y1 = 

144) ~ 
36(Y1 + 4Y1 -)<11 + 4Y1 144Y1 . 

.;. 2 = 2 22(9x~ - 16y~) 9x - 16Y11 

::: Y1 

:. P(x 1'Y1) is the midpt. of AB. 

b2 2 2b2Q2. 11. x - a2y2 =: a if x = a sec ¢ 
2 2b2Then b2a sec2¢ _ a2y2 a


a2y1= a 2b2 (sec2¢ _ 1) 


2
y2 = b2 tan ¢ (for all ¢) 

:.::; y = b tan ¢ 

x = a sec,¢ y ::: b tan ¢ is the parametric equation of the 
hyperbola b2x 2 _ a 2y2 = a2b2 • 



1 
ab cos \0 

·80 WORKED SOLUTIONS UNIT 2. 80 

Q2. 11. (conttd) 

-(coS~12(-sln0) 
::: sin 0 

1 
b cos2¢£ sec ~ £ cos 

::: a tan a sin ::: a sin \0 ::: tan ¢ sec ¢ 
cos 


tangen~y - b tan ¢ = a s~n e(x - a sec ¢) 


ay sin ¢ 

bx - ay sin ¢ 

bx - ay sin ¢ ab cos ¢ is the rqd.equ. of the tangent 
at x = a sec ¢, y = b tan ~ 

Q2. 12. x 

Le. the pt. (~[t+iJ. ~[t-tJ) 
lies on the hyperbola for varying values 
of t. 

(continued on next page) 
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ab(t2 + 	1)2
-"2 

t 
ab (t2 + 1) 2 a b (t2 _ 1 ) 2 

\<JQ~KED 	SOLUTIO~S UNIT 

Q2. 12 	 (cont'd) 

The equ. of the tangent; 
1 1 

~~ 	~-~~=o 

+ 1)~
1 

t 101 
t 

2
bt +1.+ 
a t1 t - 1 

bx(t2 + 1) 

2 2Q3. 1 • 	 x - 4y 

a 3, b 

Tang. II 

1 
1 

- t 

="2 t -"2 

y 

- ~X ±Jr 
3y = - 2x + ¥ ~ 6y + 4x == ± 3./7 

= ~(~ + 2t2 + t 
ab4t2 

= 2t 


- ay(t2 -1) =: 2abt 


2 2
_L9 <==9 Xg = 1 

9/4 

3 
== "2' 

2
to 2x + 	3y o i.e. has m =: - 3. 

2l,. _~_________...::8;;..:..1 

t 

~ + 2t2 	- t) 

1 

1 

Tangent; ~ + ~ ::= 1 

P(1, -2)Q3. 2. 

6 

8x + Y =: 6 

(rnnt:inw:'r'! nn np.yt: nAg-Po) 
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Q3. 2. (continued) 
2 2 

Normal; xa + yb = a + 

* 
x 1 

-
Y1 

2 b2 

6 

~ = 12~' 
3x - 24y 51 


x - 8y == 17 


Diameter y =-2x 


2 2

9x2 _ y2 xQ3. 3. 	 = 32 ~ - ~ = 152f9 

a=¥ ' =b 4./2 

P(2,-2) Q(-3,7) 

16 16 

Normal at P. }I2:c .8.Y == 32 + ~'9x&--g ':J 

1 1 
1 1 20 
~-~y=~ 

x - 9y = 20 ---- (1) 

.'32x+ 32y _ 320Normal at 	Q  9x3 7 - 9 

- 7x + 27y == 210 

7x - 27y == -210 ----(2) 

(1)x 7 7x - 63y = 140 

(2) 	 -7x + 27y == + 210 


- 36y = 350 


y == - 117i x = - f 
Normals intersect at T. T(_lli -.:112).

2' 18 . 

Equation of the chord of contact from T is 

35X 1721: 
- ax32 + 18x32 = 1 


9 


10935x - 175y + 576 == 0 



~tJORKED SOLUT10NS UNIT 2. 	 83 

Q • 4. 	 Equation of tangent at P(x1 'Y1) 
is 4xx 1 - YY1 = 1. 

Gradient of perpendicular 

through 0 is _ ;1.
x 1 

Equation of OY; Y 

OYf\PY == i Y~ 
-Y1 

Y == ~x (\ 4xx 1 - YY1 == 1 
1 

4x1 -y 

1 4:=> u = 2 2 __( 1 ) and v == 2 1 "- (2) 


16x1 + Y 1 16x1 + yi 

i. e. , 

Aim: 1. Find x 1 and Y1 in terms of u and v. 

2. Express 4x2 - y2 == 1 in terms of u,v in order to 
find 	equ. of locus. 

u -4x1OY.,LPY :. ~ x 4x1 == -1 Le. 	 - (3)v= Y1
Y1 

·22From (1) 16x~u + uy~ = From (2) 16x1v + VY1 = -Y1 
2 

(3}1- (L)Y~(~ + v) = 

(4) .0. Y 1 == 2 -v2 -- (5):. x 1 == 4()IJ+ v2 ) 	 u +v 
2Sub&G. (4) and (5) into 4x2 

- Y 

2 12(u2 + v ) 

u2 _ 4v2 which is the required equation 
of the locus of Y. 

x 2 J'Z(J
Q3. 5. 9x2 - 4Y

2 
== 2 /;:=7 2lr -~ == 1 fa == -y 

9 \b =,/5
Tangent at P(-2,2) 

1& §y 1- 20 - 20 

9x + 4y -10 

Equation of asymptotes y = ==± J%x {~y ± ;x 
(continued on next page) 



84 WORKED SOLUTIONS UNIT 2. 	 84 


Q3. 5. 	 (cont'd) 

L=;} 9x + 4y :::: -10()y = ~x 

9x +6x :::: -10 

15x -10 
2 -2x :::: - '3 y = ~ . '3 = -1 


... L (- ~, -1) 


M ~9x + 4y :::: -10 n y = 
-~ 
9x - 6x -10 

3x :::: -10 1 
10=x :::: - "3 Y = - 121 - ! 

y = 5 

M (-~,5) 
2 10 

Midpoint of 1M (- '3 ;:! - 1 ;2 :2 ) ~ (-2,2)P 

i.e., Midpt. of 1M is P. 

= V!Ji 
Q3. 6. 	 (1 ) __ 4:c2 _ y2 :::: 35 "2 

=J35 
- fs2 

= 1 

Equation of the asymptotes y = ± ~x 


P(~,7) lies on the asymptote y :::: ~x 


Equation of tangent to hyperbola at (x 1'Y1) 

4:cx1 - YY1 = 35; through (~, 7) is 14x1 - YY1 = 35 

i.e. Y1 :::: 2x 1 - 5 ---- (2) 


To find pt. of intersection of (1) and (2) 


4x~ - (4x~ - 20x1 + 25) - 35 :::: 0 

X 1 :::: 31 i. e. the tiline" through 

. . . y 1 = 1 J (~, 7) is touching the 
hyperbola at Q(3,1). 

The equation of PQ is y - 1 = ~ - 1(x - 3) 
- 3 

12x - y - 35 = 0 
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Q3. 7. 


x2 2 

- - L - 1
5/9 5

2 

+bb2 at P(1,2)Normal ~ 

1 1 


~+¥ 
2x + 9y 20 --~ 

(1) meets x axis at G(10,0) 

r 
Equation of tangent at P 

9x - 2y = 5 (2) 

Equation of OY y = - ~x ---
4
(3)~{2) 9x + gX = 5 


9 2. Y( 9 

x = 17Y = - 17 • • 17 ' 

10x9 - 5
OY • PG = I 5 I
}32 + 22 
 )92 + 22 


-_/-585 
X85/ 


= 5 



