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U N I T T H R E E . 
2 .Q1. 1 . xy 9 c 9 .. c ::: 3 x 

2Q1. 2. xy 16 c 16 c 4 x 

_ .2.Q1. 3. xy ::: ?If c 2 x-

1 1Q1. 4. xy = g- C :::: 3" x 

Q1. 5. xy 2 c :::: V2 X 

Q1. 6. -xy = + 4 c 2 x 

Q1. 7. x ::; 5 t y ::; t <=7' xy 25 

Q1. 10. (t, xy ::: -1- t) =r 

Q1. 11. Q1. 12. 
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::; 4t y ::: 

4 
~ 

2...= ~ y 2t 

:::: 3"t y = 3t1 

::: V'2t y = vi 
2::: 2t Y ::; - t 
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87 WORKED SOLUTIONS UNIT. 3. 87 
a 

:. 18 ::; "2 
2 

i. e. a ::: 6, e ::::lZQ1. 18. xy ::: 18 18 	 ) 

(i) 	length of tranSV. axis 12 units 

2 
ae 	::: 6 J2 2x2 ::: (6/2) 

x ::: 6 

(ii) focus; S(6,6) S1(-6,6) 

2Q1. 19. xy ::: 4 c ::: ~ ::: 4 	 :. a ::: 2 J2 

(i) transv. axis is 4V2 units 

(li) 	ae ::: 2 J2 J2 
::: 4 foci S(2/2, 2..(2) S 1 C-2J2, -2..[2) 

{~ x~ : 8 focus (ae.cos 45°, ae cos 45°)1 
\. x - 2./2 ::: (a, a) J 

t} 2Q1. 20. x ::: 8 2 a 
xy ::: 64 c :::"2::: 64

8
Y = t 

(i) transverse axis; 8/'2x 2 ::: 16.j2units. 

(ii) foci; S(8V2, 8.(2) 

2Q1. 22. xy = 8 :. a ::: 16 	 a 4 c ::: 2.J2 
a 1 ::: 4 cos 45 0 

4
=[2 

1:. VCtyy'2 , 4;12) V (- ~ , - ~) 

Equ. of tangent; 

2
 x + t y 2ct 

x ::: ct(X 
c 

4;/2 ::: 2.J2tLy ::: 
t 4 _1_ 1 where t == ±. 1 

= J2 2\/2::: 

tangents; x + y ::: ±. 4.(2 
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WORKED SOLUTIONS UNIT ~.66 	 aa 
4 	 .Q1. 23. Tang. and normal at (4t, t) on xy 16 .. c = 4. 

2tangent; x + t y = 8t 

2
normal; gradient ::: t 

2 
y - ¥ t (x -ct) 

(y - t) = t 2 (x - 4t) 

t 3 (x -4t) ::; ty - 4 

ty - t 3x 4 - 4t4 

ty - t 3x == 4( 1 _ t 4 ) 

Q1. 24. Length of diameter. xy = 4, through (4,1) 

(+;1) 	 d = 2 Vf7 

-------=~o~------~~ 
(-4;1 } 

x = ~ } 

y = 2t 

Q1. 25. 

Q1. 26. xy ::; 3; tangents 	 II y + 3x = 0 

2 1Equ. of tang; x + t y = 2ct. m =-:2' 
t 

:. 	- ~ = -3 
t 

hence t = + ..1. c ==y0-,0 
. 	 equation of tangent II y + 3x = 0 is 

3x+y=;t6 d=2/*/=;fo 
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Q1. 27. 	 pt. of contact of 2 tangents from (-5~1) to xy = 4 

Method 1: (non parametric) 

Let y = mx + c be the equation of the 
tangent. 

2x(mx + c) 4 ¢=9 mx + cx - 4 = 0 

2
if tangen~,then b2 4ac 0 i.e. c + 16m = 0 i.e. 

c 
m '" - 1'b 

2 cNow we 	 have y = - 1'bx + c as tangent. But it is through 

52(-5,1) :. 1 = 15c + c ~'?(5c - 4)(c + 4) :. c = -4 or ~. 

x + 20and the 	tangents are y = - x - 4 and y 25 
xy 4f\y = - x - 4 => (x+2)(x+2) 0 .-.x 

y 
-x + 20 2 xy = 4(\ y 	 9 x + 20x + 100 0 .-.x25 

y 

= 	 -2 and 
:= 	 -2 

= 	+10 and 
2 = 5' 

So the pt. of contacts are ( 10,~) and -2;-2) • 

Method 	2: 

Let x + t 
in t. (.". 

2Since yt
2t - 4 t 

" t = 

2y = 2ct be the tangent, which is a quadratic 
it has 2 roots.) 

- 2ct + x = 0 is through (-5,1) and c = 2 we have 

5 = 0 ~ (t - 5 )( t + 1) = 0 

5 or t =-1. 

if t 

if t = -1; x = c t ~ x -22] (-2,-2) 
Y 	= ¥ ¢::::;) Y 

• the points of contact are (10,~), (-2,-2). 
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Q1. 28. Normal at P(8,2) cuts (4t, i) at Q. 

x 8 = 4t .". t = 2 

Gradient of normal; t 2 = 4 

Equation of normal; y - 2 = 4(x  8) 

4x - y = 30 

Normal n xy = 16 when x(4x - 30) = 16 

2x2 - 15x - 8 = 0 

(2x + 1)(x -8) ;: 0 

:. x = - ~ is the other abscissa. y = -32. 

Q(-~, -32) pQ2 = 1 2 
(8 + 2') 

2 
+ (2 + 32) 

2
U;f) + 1156 

= 49d3 

PQ 17m= 2 

Q1. 29. xy = 9 ... c = 3 Tangent through (-9,3) 

Let the equation of the tangent be y = mx + b. 

Condition; mx2 
+ bx - 9 = 0 has b2 - 4ac = 0 

b 2 + 36m = 0 
_b2 

m = ""'3b 

.". The tangent is y = 
-b2"3sa: + b 

Through (-9,3) .". we have 3 = b 2 
T + b 

12 = b2 + 4b 

b2 + 4b - 12 = 0 =9 (b + 6)(b  2) = 0 

.". b = 2 or -6 

Hence the tangents are 

y =-~x + 2 or y = -x - 6 

x + 9y = 18 or x + y + 6 = 0 
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Q2. 1. Tangent at P(6,2) of xy 12 

x = ct 

6 = 2j3t 

.•. t .(3 

Q Tangent; x + 3y = 2 x 2 (3 x J3 

It 
Jl x + 3y = 12 

Q(12,0) R(0,4) 

pQ2 (6_12)2 + (2_0)2 = (6_0)2 + (2~4)2 ~ 
40 

••. PQ PR 40 ~ 
1t, y ;; t ~ Equation of tangent at P 

·t y + x = 2ct c = 1 

2

2 ~ t y + x = 2t --------(A) 

Equation of OR, where R(X,Y) is the 
foot of the 1 2through 0 -to the ~ 
tangent; y = t x (B) 

t 4	 3 
(B) - (A) x - 2t + x = 0 '=-, X - 2t and Y;; 2t 

- t 4 + 1 t 4 + 1 ~ 
---------- 0 

2 ~ 
OR...l.. PR :. ~ = t ---(1) 

. 2t Xt4 ~ + X = 2t ----(2)X = 4 
t + 1 

~ 
---13) ~ 

(3:~:1)-y-=-_-1~;:~ + y2)2 X 	 - ... 

4X2 	 ~ 
2 

.•• 4XY = (X2 + y2) is the locus of R.- .... 

(Showing that t 3 = ~(X2 + y2)3 ---(4) and SUbstituting 0 
8X 

3 
(1) 	and (4) into Y = 42t would also yield the same resuli! 

t +1 

2. 

-------- 
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Q2. 3. A(m,O) B(O,~) xy =:: 1 ---(2) 

~ + if-
m 1m 

=:: 1 

4x + m 2 y = 4m 

y = 
42(m-x) --(1) 

m 

Then(n ---1"(2) gives x-%-(m-x) 1 
!ll 

4x2 _ 4mx + m2 0 --- (3) 

If (1) is a tangent j than b.. = b2 4ac = 0 

i. e. b.. = 16m2 - 16m2 

o for all m. 

:. AB touches the hyperbola xy :=: 1 for all values of m. 

4x2 
- 4mx + m 2 

=:: 0 (3) 

(2x _m)2 =:: 0 

• .. m'2 = x, Y 
2 

- m 

Hence the point of contact is; 

(~, ~) 

Q2. 4. Tangent at (2t, t) to xy = 2 

Y + x2:.Ydx 0 • 2:.Y•• dx -- - yx 

m at (2t, t) is 1 
- 2t2 

Equation of tangent; 

y - t '" -~(x - 2t)
2t 

x + 

Distance of (2,2) from tangent 

Distance of (-2,2) from tangent::::: 

41 (2t2 --2t + 1 )£2t2 
+ 2t + 1) \ 

1 + 4t 

= 4 as required. 
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Q2. 5. A~a,o~(Olb) B B O,b 


Midpt. P is (~, 12)

2 

x 
0 A 

/::, BOA 2c2 

(!L,o) . ab
l.e. '2 = 2c2 

:.= ab 	 4c2 (1 ) 

a 	 bLet X = 2' Y = 2 Le. a = 2X 

b == 2Y 

... ab 4XY (2) 

(1}---:f(2) 4c2 :::: 4XY 

.. . XY 	 c2 is the locus of P. 

Q2. 6. Let P be the point (ct, ¥) and 

Q(X,Y) is the midpoint of PN 

:. N(ct, 0) 

. 	 ct.. X ='2 
N cY=t--- (2) 

(1 ) ---I') (2) i.e., is the ,locus of 

Q which is a rectangular hyperbola with the same asymptotes 

c as x == ct, Y = t. 

Q2. 7. 	 Normal to xy :::: 6 at A(2,3) 


C ::::./6 x :::: ct 


2 = .J"6t t :::: 
.[6 

Normal; 	 t 3x - ty c (t4 - 1) 


?i2.x _ i§..y _ Ir( 36 - 1)

9 3 - v v 81 

2x - 3y =-5 
6 - 3 • 1B(1,6) 1 _ 2 = -3 mAC = "3mAB 

(continued on next page) 
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Q2. 7. 	 (conttd) 

C 
I 

Equ. of AC x - 3y + 7 = ° 
to find C; 

y(3y - 7) :; 6 

(3y + 2)(y - 3) := 0 

:. y = - 2/3 or y = 3 

and x = -9 or x = 2 
:. C (-9, - ~) 

Q2. 8. 	 xy = 4 Normal II to 4x - y = 2 

Gradient of normal 

Gradient of line 

Equation of normal; 

t 3x - ty = c(t4 - 1) c 2 

t 3x - t2y 2(t4 - 1) 

when t 2 8x - 2y = 30 

4x - y 15 


when t = -2 -ex + 2y = 30 

4x - y = -15 

:. Equation of normals II to 4x - Y 2 are 4x - y = .± 15. 

Q3. 1. Equation of tangent at P 
2x + t y = 2ct 

:. Q ry (O,?f) 

R =? (2ct,0) 
2 4c2 2 2 

002= 4c2t + -:2 :; 4(c2t + S)
.;L t t 

2t 2 c 2 
OP2 = c +~ 

t 

.-. 20P ;;;: 00 
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Q3. 2. 


3. 

0 

x 

x c 

x ct :; c or 

t 1 

:. the point (c,c) 

3c
1 • ""2 + 2.0OR x 

2 + \' 

x = 2'c 


2'c . 2c 


also on xy 


Let P be the point (ct, ¥) 
U(O,-\£) 

V(2ct,0) 

= 2c 2 which is constant. 

U(0,3c) 

V(~~O) 

Let p(x,y) be the pt. of 
of UV. 

2.0 + 1.:2c
Y 2 + 1 

Y = c ----?o (c,c) 

y ==} tc = c 

t = 1 

is on xy 

2.3c + 1.0 
y = 2 + 1 

y 2c --~). (~, 2c) 

. the point (~, 2c) is 

2:. Both pts. of trisection of UV lies on xy = c • 



I, 
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Q3. 	 4. The following are to,be proven: 

(i) 	The tangent at P is the midpt. of UV, where U and V 
are the :lntercepts on the asymptotes. 

(ii) 	UV ::: 20P (See Q3. 1.) 


:. PV ::: PU ::::: OP. 


i.e. 	P is the centre of the circle ~hrough O,U and V. 

Answer: draw circle radius 3cGentre P. 

Proof for (i) See diagram for Q3, 1.) i, 

U(2ct,O) v(o,.?f) 

Midpt. of UV ~ (ct,¥,) ~ P ,.
CONSTRUCTION 
(1) 	Draw circle c~ntre 0, r ::::: 3c 

to cut xy ::: c at P, and/or ' ,-..,""." 
at Pi. 

.... ""... 

(2) 
Draw circles centre P (or Pi) '(' , .' ." """"l" 
to cut axes at u,v (oratu1~v1)' ... . .... / ..•.. , .', ...... . 

(c) :. 'Length of uv::: 3c \1Ili ts C~rcle c.e.t\b(. -- - -'- - 7'- -- ~ r ".' \ 
( u ,vi :::::3c'also).' ',' ' \..If. •••• 	 '.J' ,..1 	 OJ r= 3c \;; .••.• • 

:", , / ''', \ 
\\ 

.. .~ 
, { " .. 

~''''''' '. 

f 

. 
. 

Let 	QfP have coordinates 

(Cq,~), (cp, ~) r~'1p~ctively and 

.M.(f<:~ Y) be, the :rp.idpgint of PQ • 
. ' ',' 	 ".--'. 

c ' . C n +n 
:. X 	 = 2(P + q) and Y ::::: 2:('PQ) 

by using the midpoint formula. 
, 	 , ' '2

The tangent ~t Q x + q y ::::: 2cq cuts 
the x axis when y =0 i.e. at x = 2cq, whiqh is equivalent to the 

, abscissa x == cp of the point P. 
:. p = 2q 

'3cg 3cOn substituting this into X and Y we have X = 2 and Y =4q' which 
9c 2 

Ylelds XY ::::: 8 (on eliminating q.) 

Hence the locus is a, hyperbola having the same asymptotes asxy'= c~. 


Q5. 
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Q4.1. 


Let PQ and SR to be any two elements 
of a set of parallel chords 

Gradient of chord PQ: 

c a - p- .£ 
p 9 pg 1 

I m = = 1 cp-cq p - q = - pq 

1Similarly; gradient of SR = - ms,r 1
~) 

/ 
/ 

~((:;/~) - Since SR is parallel to PO _ .L ,= _ .1. ••• (1) , pq sr--»o x Show; line through midpoint PO and SR 
is a diameter. 

Through [ c (~+g) c (p+g) ] and [ c{r+sl , c{r+slJ, the gradient2pq 2 2rs 

c(r+s} c(p+g) r + s p + 9
2rs rs
m = 2~g = pg ......-••••••• (2)c{r+sl (~( +9) r + s p - q2 2 

i-ex .{), / I 

/ 

/ 
~-...!L'P_(.:.f' I 

-(r+s)m + (p+q)m m (-r -s + p + q )1 1 1 
r+s - p-q r+s - p-q 

1 m = (i.e. m-m1 pq ) 

Now, if the equation of the line through the midpoint of PO 

[c (p+g) c(p+g)] with the gradient m = 1 is in the form of 
2 ' 2pq pq 


y = mx + b 


then c(p+q) 1 c(p+g)= + b2pq pq 2 

:. b 0 

So the equation of the line through midpoint PQ and SR in 

y = -mx. i.e. passes through (0,0) and is ~'. a diameter. 

2The line that bisects parallel chords of the hyperbola xy = c 
is .~ diameter. 

(By Katherine Merrick Year 12) 

Alternatively; using the above diagram 

(None parametric approach)

Let the equation of the family of parallel chords be y = mx + constant. 

Let y = mx + d be the equation of chord PQ (i.e. a member of the 

family of II chordsl) with reX, y) being its midpoint .. 


(cont. next p.) 



2 y ::: mx + d (\ xy = c 

2x(mx+d) ::: c 

• 2 2 0mx + dx - c = • are the roots of this 

equation then x + x ::::1 2 - -m 

hence X ::: x + x d1 2 ::: 
2m2 

y (.::.L)= m 	 + d2m 

die. Y "2 
X d/

Now V ::: _-=2_ <-) Y -mX which is the equation of the locus of T. 
-d/

2m 
This equation represents a straight line through 0 
:.it is the diameter conjugate to the chord y ::: mx + d 

Conclusion: 	as above. 

y 

dx
dt =::: C 

.Qy 1•• dx ~/dX =::: - :2Idt t 

1Tangent is y '" % 	72(x - ct) 
t 

2cAs x =0 Y = at y = 0 x :::: 2ctT 

... Equ . of locus 	 y-~- X 
/2c 

XY '" 4c2 is 	the equation of Q.Q4. 3. 
Let R (XtY) be any point on the locus. 

By solving the equations of the tangents 

at P; x + p2y = 2cp ( 1 ) 


at Q; x + q2y = 2cq 
 (2) simultaneously 
we 	 obtain; 

Y::: 2c (3) 
p + g

Substitute (3) into (1) then 

x = 2cp ( 1 p )
p + q 

x = 2cpq = pqy (using (3))
p + q 

So X:::: kY is the equation of the locus, 
which is a straight line through the origin. (Le. a diameter) 

I 
i 


