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QUESTION ONE (15 marks) Use a separate writing booklet.

1
(a) Use integration by parts to evaluate / rtanlzdz.
0

1-z 1-z
b) (i) P that | —— = ——.
(b) (i) Prove tha Ttz Jies
' 3 1—
(i) Hence or otherwise evaluate / ’/ L dx.
0 14z
10 +z — 22 A Bz +C

i ———————— in the f — .

(¢) (i) Express G+ G2+ 3) in the form x+l+ 213

10 +z — 22
(il) Hence find / IO 13) z

z -1
(d) (i) Prove that if I, = / cos" zdx , then I, = T—l—ﬁ— —2 -
0

™

z
(ii) Hence evaluate / cos’ zdz.
Jo

.QUESTION TWO (15 marks) Use a separate writing booklet.

(a) Evaluate |3 — 2i].
(b) Express in the form z + iy, where z and y are real:
(1) (7+3)4—q)

L 2—5i
W =

(c) Find the real numbers @ and b such that (a + bi)2 = 9 +40i.

(d) (i) Express 1+ ¢ in modulus—argument form.

;(ii) Given that (1 +14)™ = z + iy, where = and y are real and n is an integer, prove

that 2% + y* = 2",

z—1

(e) (@) If

z+

(c+3)7 +y7 =122

(ii) Represent this locus on an Argand diagram and shade the region for which the

. ops z
inequalities

1 \ = 2, where z = z + iy, show that the equation of the locus of z is

<2and 0 <argz < 3T are both satisfied.

o] [=]

(o] [e]

(o] [

<
-

ey

[o]=] [&] Do) [F]

[v]

(<]
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QUESTION THREE (15 marks) Use a separate writing booklet. Marks

(a) Consider the equation z° + mz? + nz 4+ 6 = 0, where m and n are real. It is known
that 1 — ¢ is a root of the equation.

(i) Find the other two roots of the equation.
(ii) Find the values of m and n.

(b) Given that the roots of the equation 4z° — 24z* + 45z — 26 = 0 form an arithmetic
sequence, solve the equation by using sums and products of the roots.

() a

-1

2 N
The function sketched aboveis f(z) = =sin™'z.
s

(i) Using at least one third of a page, sketch the function y = |f(z)|.
(ii) Using at least one third of a page, sketch the function y = cos (f(z)) .
(iii) Using at least one third of a page, sketch the graph of y? = f(z).

o] [1o] [ro] [¢]

(iv) Using at least one third of a page, sketch the function y = f/(z), clearly marking
and labelling any point where the graph cuts the axes.
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QUESTION FOUR (15 marks) Use a separate writing booklet.

(a) Let the points P(2ap, ap®) and Q(2aq, ag®) lie on the parabola z° = 4ay .

(b)

()

(i) Prove that the chord PQ has equation

- 3@ +a)z+apg=0. , .
(ii) Show that if the chord PQ passes through the point 0, —a), théx}
111
SP SQ T a’

where S(0, a) is the focus of the parabola.

i 2 N

y=3x-x

The diagram above shows the parabola y = 3z — z? and the line y = z. . Use the
method of cylindrical shells to find the volume of the solid formed when the shaded
region is rotated about the y-axis.

When a person dies, the temperature of their body will gradually decrease from 37° C,
normal body temperature, to the temperature of the surroundings. The situation is
modelled by Newton’s law of cooling, which states that the temperature of the cooling
body changes at a rate proportional to the difference between the temperature of the
body and the temperature of its surroundings. That is

a9 _
dt —

where K is a positive constant, 8 is the temperature of the body after ¢ hours, and R
is the temperature of the surroundings.

“K@O—-R) ... e 1)

A person was found murdered in his home. Police arrived on the scene at 10 : 56 pm.
The temperature of the body at that time was 31° C, and 1 hour later it was 30° C.
The temperature R of the room in which the body was found was 22° C.

(i) Show that 6 = 22 + Ae ¥ " is a solution of equation (1), where A is a constant.
(ii) Find the exact values of A and K .

(ili) Determine when the murder was committed, correct to the nearest minute.
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QUESTION FIVE (15 marks) Use a separate writing booklet. Marks

(a)

In the diagram above, AABC is inscribed in a circle. The midpoints of the arcs AC
and BC are P and @ respectively. The line PQ intersects AC and BC at R and S
respectively. Let /BAC = o and ZABC = (3.

(i) Copy the 1diagra,m into your answer booklet and show that /QPC = %a and
LAQP = 30. ;

(i) Hence prove that CR=CS. '

(b)

In the diagram above, a particle P is moving with constant speed v in a horizontal
circle on the smooth inner surface of a hemisphere of radius OP = a. The force
exerted by the hemisphere on the particle equals twice the weight of the particle. Let
the acceleration due to gravity be g.

(1) Draw a diagram showing all the forces on the particle.

3
(ii) Prove that v? = % .
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(c) Onur uses a bowling machine to project a cricket ball of mass m vertically upwards
with a velocity of 120m/s. It is known that the air resistance on the ball when its
velocity is v is 3mv newtons.

(i) Show that if the acceleration due to gravity is 10m/s®, then the equation of
motion of the ball is Z = —(10 + 3v). :

(ii) Find the greatest height attained by the ball. Give your answer correct to the
nearest metre.

(iii) Find the time the ball took to reach the maximum height. Give your answer to
the nearest 55 of a second.

QUESTION SIX (15 marks) Use a separate writing booklet. Marks

(a) The depth z metres of the water in a certain South Coast harbour is found to vary in
approximate accordance with the equation
. T
P=——,
4
where t is the time in hours. It is known that the difference between high and low
tide is 4 metres.

]

(i) Prove that the time between successive high tides is 12-6 hours, correct to the
nearest - of an hour.

[e2]

(ii) Find the rise in the water level during the first hour after low tide. Give your
answer in metres, correct to two decimal places.

(iii) Find the rate at which the level is falling two hours after high tide. Give your
answer in metres per hour, correct to two decimal places.

]

%

1
(b) (i) If z =cos@ +isin@, show that z — = = 2isinf and 2" — iﬂ = 2isinnf.
z z

(ii) Hence show that sin® 6 = & sin50 — 2 sin36 + Z sin6.

[2] o] []

(iii) Hence solve the equation 16sin® 8 =sin58, for 0 < § < 27 .
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QUESTION SEVEN (15 marks) Use a separate writing booklet.
@)

29

3/ | 5
15
/|
| /

7

/
ho M -
| 12

It is proposed to construct an underground reservoir to store storm water in order
for it to be used on council parks and gardens. The plans are for the reservoir to be
15 metres deep and each horizontal cross-section to be rectangular. The base is to
measure 12 metres by 10 metres and the top is to measure 29 metres by 23 metres.

=
]

<

326 2
= 335 +1—5h—l—120m .

(i) Consider a cross-section of the reservoir i metres above the base with dimensions
(ii) Hence find the volume of the reservoir.

z metres by y metres. Show that the area of this cross-section is given by
A=221p2

(b) Consider the Fibonacci sequence defined by

’11,1:1

’u,2:1

Up+2 = Unt1 + Uy, for all positive integers n > 1. °
(i) (a) Show that for all positive integers n

U3n+3 = 2U3n+1 + U3n .

(8) Prove by mathematical induction that us, is always even.

7 n
(ii) Prove by mathematical induction that u,, < (Z) , for all positive integers n.
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QUESTION EIGHT (15 marks) Use a separate writing booklet. Marks

(a) The variables « and y are positive and related by
By = (@)
where a and b are positive constants. By taking logarithms of both sides, show that

dy =¥ , provided that bz # ay .
dr =z
n(] — )"
(b) Consider the function f,(z) = Eﬁ(nlﬁm), where n is a positive integer.
1
(i) () Show that 0 < f,(z)sinmz < e for0<z<1.
! 1
(8) Show that 0 < / falz)sinmzdr < =
0 n:
(ii) Suppose that 7% were rational, and let a and b be two positive integers such that
=2,

b
Define the function F),(z) by

Fala) = 0" (7" fa(a) = 72,0 @) + 724, O (z) — -+ (217,09 (a))

where f,,(*)(z) denotes the kth derivative of f,, (z).

]

2
(a) Show that %Fn(x) = 724" f, (z) — 72 Fo(3).

d
(8) Hence show that 7 (Fp(z)sinmz — 7Fy(z) cos mz) = w2a™ fn(z) sin 7z .

o] [9]

1
() Deduce from (3) that wa”/ fn(z)sinwzdz = F,(1) + F,(0).
0

(]

(iii) Assume now, without proof, that the function F,(z) has the property that F,(0)
and F,,(1) are integers.

n
Using parts (i) and (ii), plus the fact that lim 9—1 = 0 for any real number «,

n—oo N!

prove that 72 is an irrational number.

END OF EXAMINATION
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1 1 2
-1 -1 T _dx
x]o 2/0 1+ 22

1
1. (a) / rtan"lzdz =
0

1
T 4 1
-1 ——d
8 2/01 Ttz
1 ! 1
=%-%[a;]0+[%tan—lm]
_r_ L,
~8 2 8
T 1
=2-5 VW

(i) Usi ¢ ) /% 1-z /% 1 z
s ar , T = _____ — ————dx
ii) ing p i | i | — —

1

= [sin_1 z+vV1-— :1;2];

=5+ -‘—2@ 1Y
2
(c) () Put (;ﬁ)?xz ey :1- Pt 130 '
Then 104z — a2 = A(z® +3) + (Bz + C)(z + 1).
Substituting z = —1, 8 =4A
A=2.
Substituting z = 0, 10=6+C
C =4
Equating coefficients of z?, -1=2+B.
B=-3
Hence 0+z—22 2  4-3z JIY

(z+1)(2? +3) —:c+1+a:2+3'

(ii)/ 10+ 2 —2° d:c—/ 2 +4—3x i
z+D@E2+3) J \z+1 22+3

4 T
=2In|z+ 1|+ —tan™! (——) ~ 31n(z? +3)+C,

for some constant C./+y/ ‘
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(d) (@) Let

Then

S0

coszcos" xzdx

st

Z 2
[smwcos” ! ] +(n—1) / sin? z cos™ 2 dz
0 0

=0+ n—l)/ cos™” 2:1:0!:1:—(77,—1)/2 cos™ z dz
0
=(n—1Ih—2— (n—1)In.

Hence nIn =(n—1)Inh-2

-1
- and 15=”n In2. Vv
(ii) Using this formula, Iz = g x Is
=gxgx3xh
3
But I ==/ cosz dx

0

= [sinas] :

=1.

2. (a) |3 - 2i| =

Vi3 v

(b) (1) (T+3i)(4—1i)=(T+3)(4+ i)

2-5

=25+ 19 /
i 2-5i4+3i

(ii) 13

(c) Let
Then

SO

Hence

(a?

SO

i 4—3i4+3
_ 8-20i+6i+15

25
23
=D

(a+mf=9+4m.
a? — b2 + 2abi = 9 + 40:.
a2 —b=9 and ab=20

at —9a® -400=0
+ 16)(a? — 25) = 0,

a=5 or —5, since a is a real number.

Hence a =5 and b=4, or a = =5 and b = —4. ///

d) (i) 144=V2(cosF +ising)
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(i) By de Moivre’s theorem, (1 +14)" =27 cis ot

n
SO z=2%cos ]
_ R . nr
and y =27 sin °f.
Hence 22 + y2 = 2™(cos® T + sin® 2T

2’ +y?=2" VY

. z—1
(e) (i) Here Il_zT—_lli =2
SO |z -1 = 4|z + 1]*.
Let : z=x+1y.
Then (x-1)2+y* =4(z+ 1)? + 4y?

322 +3y2+10z+3 =0
2 +y°+Pa+1=0
(z+ 22 +9? =12, asrequired. NV

a%%

W Im(z)
/ ﬁfﬁ%?{'i;‘rf}z !,ffl,"?;;;;}l /
’?/’  ’;/{///;/ 7 ;’2’

AN

B

"/

3. (a) (i) The coefficients are real and 1 — i is a root,
so1—1=1+1 is also a root.
Let the other (real) root be a.
Using the product of roots, (1 +)(1 —i)a = —6
20 = —6.
Hence & = —3 and so the three roots are 1 —4, 1+ and —=3. v/v/
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(ii) Using the sum of roots, a+2=-m
S0 m = 1.
Using the sum of products of pairs of roots,

(1+z’)(1—i)—3(1+i)—3(1——i) =n

2-3-3=n
n=—4.
(b) Let the roots be o — 8, a and o + 3.
Using the sum of roots, 3a=6
a=2.
Using the product of roots, a(a? — %) =13
and since a = 2, 4—ﬁ2=14§
g =3
B = —\—/2—§ or _\é_i

Hence the roots are 2 — 4, 2 and 2 + —‘é—g VvV

© © “
Y
1 y=;t2—sin"x
-1 o 1 x
(if) A
Y1 s

l0.54
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(ii) h
1] .
y?=Zsin" x
T
<+ >
0 1 x
1
(iv)
A
y [
y=— —sin" x
V14
2
1 0 1 x

y—ap’ _ ap’ —aq’
x —2ap 2ap— 2aq
y—ap’ _ptq

x — 2ap 2
y-3p+9z+apg=0vv

4. (a) (i) The chord PQ has equation




®

i
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(i) The chord PQ passes through (0, —-a),

SO ‘ —apg = —a
pg=1
1
g==.
p
Now SP? = 4a’p® + (ap® — a)®
= a®(4p* +p* — 20" + 1)
=d®(p* +2p° +1)
=a®(p® +1)°
PQ =a(p® +1).
Similarly SQ = a(g® +1).
Hence —1—+-—1——l( L + ! )
SP " SQ al\p*+1 ¢*+1

1 pPP+1+¢+1

T a (p2q2+p2+q2+1>

1 p2+q2+2
(1+p2+q2+1

) , sincepg =1

VYV

a
1
a

(b) Slice the solid into cylindrical shells, each with centre on the y-axis.

Each shell has radius z and height y2 —y1 = 3z — z? -z

=2z —x?,

so curved surface area of each shell = 27z x (2z — z?)
= omr (222 — z3).

Each shell is infinitesimally thin with thickness dz, so

volume of each shell = 27(2z* — z°) dz.

The volume required is the sum of the volumes of all shells from z = Otox=2.

2
Hence volume = 27 / 222 — 23 dx
0

— _K(6-22)

That is, 8 + Ae~** is a solution of %:- =-K@@-R). v
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(i)

(iii)

5. (a) (i)

(ii)

(b) (i)

Let ¢t = 0 be the time when the body is found.

Then §=31=22+A
o) A=9.
Whent=1, 0=30=22+9%%

e ¥ = g
Hence K= vV
At the time of the murder, 8 = 37°C,
so put 37 =22 + 9e Kt

% — oKt

In%=-Kt
ln%

t= e where from part (ii), K =In 3,

= —4 hours 20 minutes.

So the murder was committed at approximately 6:36 pm. v//v/ -

First, /CAQ = (BAQ (equal angles on equal arcs BQ and CcQ)

1
-2

SO LQPC = %a (angles standing on the same arc Q@B).
Secondly, ZABP = /CBP (angles on equal arcs AP and CP)

=1p8 (they are equal adjacent angles within ZABC = (3),
SO LACP =13 (angles standing on the same arc AP). v/

First, LCRS = 1(a+B) (exterior angle of ACRP).

Secondly, ZACB=m—a— [ (angle sum of AABC)

50 /CSR=1L(a+pB) (anglesum of ACSR).

Thus LCRS = /CSR,

and so ACRS is isosceles with the opposite sides C'S and CR equal. v/v/v/

v

o (they are equal adjacent angles within LBAC = a),

Let the mass of the particle be m. Then its weight is mg.
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(ii) Let OP make an angle § with the horizontal.

Resolving forces vertically at P, mg = 2mgsin 6
sinf = % (1)
mv?
Resolving forces horizontally at P, 2mgcosf = -
and since r = acosf, 2 = 2ag cos® 6. (2)
3
Since sinf = 1, 6 = 30°, so cosf = -\g——
Hence from (2), v? = 2ag x 3
and . v= i;ﬁg , as required.v/v/v/

(c) Take upwards as positive.

(i) The only forces on the ball are its weight and the resistance.

Hence by Newton’s second law, mi = —mg — 3mv
= —(10 + 3v). v/

(ii) Replacing & by v % gives

dv
v e —(10 + 3v)
d_'v _ 10+ 3v
dr v )
EITHER
Taking reciprocals El_az = — v
g reeip "dv 10+ 3v’
. : 104+ 3v—10
d int ting, - _1 d
and integrating z : / ST v

10
—1 -
_3/(10+31) 1) v

— .19_0 log |10 + 3| — %v + C, for some constant C.
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(iii)

When z = 0, v = 120, and substituting these values,
0= lgglog370 —-40+C
C =40 - 1og370

and so x=%log}0_3_7t0§2 +40 -1
But 10 +3v is initally positive, cannot be zero, and varies continuously,
S0 10 + 3v is always positive, and
370
z = 2log (103—,*7—031}) +40 -1
When v =0, z = 2log 37 +40

= 36.
Thus the ball rises about 36 metres. v/v/v/

OR
Let H be the greatest height.
vdv
S ting th iables, dx = — .
eparating the variables, dz 0T 35"

When z =0, v = 120, and when z = H, v =0.
Integrating LHS from z = 0 to = 120 and RHS from v = 120 to v =0,

H 0 v
d:z:=—/ - dv
A 12010+3U

0
[ ] [10 log |10 + 3v|) — 3 ]120 , using the same working as above,

= (X10g10 - 0) — (32 log 370 — 40)
= Ylog 35 +40.
Thus the ball rises about 36 metres. /1/v/

From part (i), Z=-(10+ 3v)
dv
d & @10
and so — (10 + 3v)
EITHER

dt 1

Taking reciprocals, — = —
aking reciprocals, - T

and integrating, t = —%log|10+ 3v| = —t +C, for some constant C.
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When t =0, v =120,s0 0= —1log|370|+ C

C = 11og370
370

|

Hence t = 3log 0130l
370 . .. - : :
But 10530 is initally positive, cannot be zero, and varies continuously.
s0 370 is always positive, and
10+ 3y = VoY POSIEVE,
370
=1
t=glog <10+3v) )

Substituting v = 0, t = 1log37.

Hence the ball reaches its maximum height after about 1-2 seconds. /+/

OR

Let T be time taken to reach the maximum heighﬁ.

dv
10+ 3v’

When ¢t =0, v =120, and when t =T, v = 0.
Hence integrating LHS from ¢t = 0 to ¢ = T and RHS from 120 to 0,

T 0
/ &t — _/ dv
0 120 10 + 3v
T 0
=1
[t]o -3 [1n|10+3v|]120
T =—-1(In10 — In370) (Note that 10 + 3v was positive each time.)

=1n37
= 1-2 seconds./y/

Separating the variables, dt = —

6. (a) Because of the tides, the water surface is moving in simple harmonic motion

with equation of motion & = — i— .
(i) Here n®= i
1
2
Hence period = T
n
= 4 hours. \/y/
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(i) Let low tide occur at time ¢t = 0, and take upwards as positive.

Then the motionis z = —2cos %t.

When t = 1, g = —2cos 3,

5o the rise from low tide = —2cos 3 — (—2)
=2—2cos s

= 0-24 metres. v/v/

(iii) Using the same equation of motion as in part (ii),

T = —2cos %t
and differentiating, & = sin 1t.
Two hours after high tide, t = 27 +2 (27 is half the period)
and at this time & = sin(r + 1)
= —sinl

~ —(-84 metres per hour.y/y/

Alternatively, take high tide as time zero, giving the equation z = 2 cos %t.

(b) () =z- -i— = cos§ +isin® — (cos(—0) + isin(—0))

= (cosf — cosf) + i(sin 6 + sin 6)
= 2isin6 /

n 1 . P,
z —;—n-=(cos9+zs1n9)"—(cos@+zs1n0)

= (cosnf + isinnd) — (cosnf — i sin nf)

= 2isinnf /
5
(i) From part (i) (z - %) _ (2isin0)’
1 1
2® —52° +10z — —9+-5-3- — — = 32isin° 6
z V4 A

1 1 1

(25 — —5> -5 <z3 - —3) +10 (z— -) = 32isin® §
z VA V4

92isin 50 — 103 sin 36 + 20sinf = 321 sin® 6

Hence sin® § = & sin50 — 2 sin36 + 2 sinf, as required. Vv

(iii) Here 16sin® 6 = sin 50
Using part (ii), sin50 — 5sin 36 + 10 sin § = sin 50
2sinf —sin36 =0 (1)
But sin30 = 3sin 6 — 4sin® 8
SO 9sinf — 3sinf +4sin’ 6 =0

sinf(4sin* —1) =0
sinf =0 or
Hence 6 =0, %, b, m, =, Uz or 2r. VVVY

~1
or 5

1
2
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7. (a) (i) The reservoir is a polyhedron with rectangular cross-setions.
Hence the length z and the breadth y of the rectangular cross-sections

are both linear functions of the height h.

First, let z = mh+b, where m and b are constants.
When h=0,z=12,s0 12=0+b
b=12.
When h = 15 £ =29,s0 29 = 15m + 12
m=1
Thus z=Hh+12.

Using a similar argument, y = %h + 10.
So the area A of the cross-section h metres above the base is
A= (¥h+12)(3Eh+10)
= 221p2 4 3205 4+ 120m” /v/V/

(ii) The volume of each cross-sectional slice of thickness dh is
dv = (2Lh? + 328k +120) dh
15
Hence V = /0 (22Lp?% + 328p +120) dh
5
= (2249 + 182h% + 1204
= 1105 + 2445 + 1800
= 5350.
Thus the reservoir can hold 5350 m® of water. /v/

1
0

(b) (i) (@) u3n+3 = Usn+2 + Usn+1
= U3n+1 T+ U3n + U3n+1

Ugn43 = 2Uan+1 + Usn - VV

(3) THEOREM: For all positive integers 1, usn is even.

PROOF: By mathematical induction.

A. When n =1, uzp = u3
= ug + u1, by the recursive relation
=141, which is even.

Hence the result is true for n = 1.
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B. Let k be a positive integer for which the result is true.
that is, usy is even.
We now prove the result for n =k + 1.
That is, we prove that ug41) is even.
Now u3(k+1) = U3k+3
= 2u3k+1 + usk, from part (@).

which is even, because usj is even by the induction hypothesis.

C. Tt follows from A and B by mathematical induction

that the result is true for all positive integers n. VvV

7 n
(i) THEOREM: For all positive integers n, un < (4_1) .

PROOF: By mathematical induction.

A. Whenn=1,LHS=u; =1

and RHS = (%) > LHS.
Whenn=2, LHS =uzx =1
and RHS = (7)* = £ > RHS.

Hence the result is true for n =1 and n = 2.

B. Let k be a positive integer for which the result is true
for bothn =kand n=%k—1.
That is, uk < (£)* and ugs1 < (3)*

We now prove the result for n =k + 1.
That is, we prove that ugt2 < (%)k+2.

Now ug42 = Uk+1 + Uk

< (%)Hl + %)k , by the induction hypothesis.

NI SEC N
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A

C. Tt follows from A and B by mathematical induction
that the result is true for all positive integers n. v/v/v/v/v/
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8. (a) The relation is %y’ = (z + y)(a+b)
Taking logarithms base b of both sides,
alog.z + blog.y = (CL + b) loge(.'E + y)

e : " d
Differentiating with respect to z, and writing y' for d—y ,
x

a b, a+b) ,
-y =|—) 1+
=T yY ($+y 1+y)
(l)__a-i-b),_a-{-b_g
y z+Yy y—x+y T
br +by—ay—by , ax+br—ar—ay
’y:
y(z +y) z(z +y)
bz—ay , bzr—ay
ya+y) ' " @ +y)

, (bz—ay)y(z +y) :
= that b .
Y bz = a)a(z + 0’ provided that bz # ay

Thus % = i— , provided bz # ay, as required. VvV
. z"(1—z)"
(b) () (@) Here oty = 2022
For0<z <1, 0<z" <1
and 0<(l—-2)"<1
1
SO 0 < falz) < a1
Also 0<sinmz <1
1
S0 0 < fo(z)sinmz < e Vv

1 1 1
(B) Hence/ 0d:1c</ fn(w)sinvr:z:dm</ ;ll—ldac
0 0 :

0
1
O</ fn(a:)sinmrd:c<—1—.\/
0 n!
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(ii) (@) The function F(z) is defined by
Fu() = b" (12" fa(z) = 72D (@) + 7O (@) =0k (-1 (a))
Differentiating twice,
F/(z) = b" (71"2" Fa@(z) = 1202, (2) + 74 £ O (z) =+ (-1)7 fn(2"+2)(x)) :
But fn(z) is a polynomial of degree 2n, so fn(2"+2) (z) =0, so
Fo'(2)
—pn (Wznfn(z)(x) _ 7r2n—2fn(4)(x) + 7r2n—4fn(6)(x) ot (_1)n—17r2fn(2n)(m)>
_ 772, b (Wzn-zfn(z)(m) _ 7r2n—-4fn(4) (z) + 7T2n-—-6fn(6) (z) — + (_l)n—lfn(2n)(m))
= 7%(— Fn(z) + b " fo ()

= 720" 12" f () — T2 Fp()

Finally, 2 = %
n
and so mn = a_ }
bn

Hence F,"(z) = n2a"fn(z) — m*Fn(z), as required. v/v/

(8) LHS = F,"(z)sinwz + nF,'(z) cos mz — 7F,'(z) cos 7z + m2Fy(x)sin 7z
= (720" fa(z) — 7° Fp(z) sin nz) + 72 Fp(z)sinz, using part (a)
= n2a" f,(z)sin 7z, as required. v/v/

(y) Taking the integral of both sides from z = Otoz =1,

1 1
n2a™ / fn(z)sinTzdr = [Fn'(ac) sin rz — wF,(z) cos 7ra:] .
0

7r2a"/0 falz)sinmzde = (0+7Fa(1)) — (0 TFn(0))

T 7ra"/0 Fa(@)sinrzdz = Fp(1) — Fa(0). VvV

. . ma™
(iii) Using part (i), 0<LHS< T
n
But 1_r1|_ — 0 asn — oo.
n:

So for large enough values of n, the LHS is between 0 and 1,

and thus the LHS cannot be an integer.

This contradicts the given fact that F,(0) and F(1) are integers, so 72 is irrational. v/y/
NoTE: It is tedious, but not hard, to prove that F»,(0) and F,(1) are integers. Successive

differentiations of f,(x) progressively cancel out the n! in the denominator, and at
the same time, substitutions of 0 and 1 into the kth derivative yield zero for k < n.

mO04t64s 26/8/04 REP SGS August 2004
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