Approximations To Roots

(1) Halving The Interval

If y = f(x) Is a continuous function over the interval a<x<b, and
f(a) and f(b) are opposite in sign, then at least one root of the equation
f(x) = 0 lies in the interval a < x<b



e.g Find an approximation to two decimal places for a root of
x* +2x—-19 =0 in the interval 1< x <3

f(x)=x*+2x-19 f(@)=1"+2-19 f(3)=3"+2(3)-19
=-16<0 =68 >

o

X, :“73 £(2)= 2" +2(2)-19 | | |

_, =1>0 V 2 3
c.solution liesin interval1 < x <2

X, = T2 f(L5)=15'+2(5)-19 | /

: 1 15/ 2
:15 :—10.9<O . /

c.solution liesininterval1.5<x <2



x3:1'52+2 f(1.75)=1.75* + 2(L.75)-19 |

_1.75 =-6.12<0 1.5
O
-.solution liesin interval1.75<x <2
x, = Pt 25 (1,88)=1.88" +2(1.88)-19 /
2 =-2.75<0 1|75 1EI38 I2
=1.88 T '. - /
. solution liesin interval 1.88 < x <2
x, = 19812 ¢(1.94)=1.94* + 2(1.94)-19 /
2 —_0.96<0 188 Lc '
~1.94 — © 1'% 2

. solution liesin interval1.94 < x <2



X, = 1'9‘; 2 £(1.97)=1.97" + 2(1.97)-19

=0.001>0

=1.97

-.solution liesin interval1.94 < x <1.97

1.94+1.97 /
X; = | l

2 £(1.96)=1.96+ 2(1.96) 19 1 o2 1_y o7
=1.96 ~_0.32<0 o
. solution lies in interval 1.96 < x <1.97

so 1S the solution closer to 1.96 or 1.97?

—_ 4 —_
f (1.965)=1.965" + 2(1.965) 19 | | K

—=_0.16<0 1.96 1,9.95/ 1.97
o

. an approximation for the root is x =1.97




NOTE:

2) Newton’s Method of Approximation :
@) PP X, must be a good first

y“' approximation
/ Newton’s method finds
where the tangent at X,
cuts the x axis
LA '(X,)=0

l.e. tangent || x axis
the method will fail

Using the tangent at x, to find x,

f(%)—0
Xo =%
f(%,)—0
Xo =%

slope of tangent =

f'(% )=



f (%)
f'(%)

If X, IS a good first approximation to a root of the equation f(x) = 0,
then a closer approximation is given by,

Successive approximations X,, X, ..., X., X ,are given by;

1My M4l




e.g Find an approximation to two decimal places for a root of
X" +2x-19=0

f(x)=x"+2x-19

f'(x)=4x>+2
X,=1.5  f(1.5)=15'+2(1.5)-19 {'(1.5)=4(1.5)+2
=-10.9375 =15.5
X, = X, — f,(xo) f(2.21)=2.21" + 2(2.21)-19
f'(%) _
=9.2744
_,5_—10.9375
BT f'(2.21)=4(2.21) + 2

=221 =45.1754



-. X =1.97 Is a better approximation for the root

f(2)=2*+2(2)-19
=1
f(2)=4(2) +2
=35
f(1.97)=1.97* +2(1.97)-19
=0.001
f'(1.97)=4(1.97)* + 2
—32.58



(ii) Use Newton's Method to obtain an approximation to +/23
correct to two decimal places

2
f(X):XZ_ZB Xn:Xn—l_Xn_1 s
2Xn—l
F'(x) = 2x X, +23
- 2X.
Xy =9 1
52423 4.8+23

") T 2(48)

X, =4.8 X, =4.795833333
X, =4.80 (to 2 dp)

~./23=4.80 (to 2 dp)



Other Possible Problems with Newton’s Method

2 Approximations oscillate
want to find this root )
, Exercise 6E; 1, 3ac,
/ 6adf, 8a, 10, 12
X, X )

wrong side of stationary point
converges to wrong root

N\ e
e

X / X, X

\

want to find this root



