Multiple Roots

If P(X), has a root, x = a, of multiplicity m,

then P’(x) has a root, x = a, of multiplicity m - 1

Proof:
P(x)=(x-a)"Q(x)  (m>1, x=ais nota root of Q(x))
P'(x)=(x~2a)"Q'(x)+Q(x)m(x~a)" (1)
= (x—a)" [(x~2)Q'(x)+mQ(x)]
=(x—a)""R(x)  (where x = a is not a root of R(x))

. P’(x) has a root, x = a, of multiplicity m -1




e.g. () Solve the equationx® —4x* —3x+18 =0, given that it has a
double root

P(x)=x*—4x*-3x+18
P'(x)=3x*-8x-3
=(3x+1)(x-3)

. 1
~" double root Is x:—g or Xx=3

e

NOT POSSIBLE
As (3x + 1) Is not a factor

X® —4x* -3x+18=0
(x=3)’(x+2)=0
X=-20rx=3




(i) (1991)
Let x =« be aroot of the quartic polynomial,
P(x)=x*+ Ax®> +Bx* + Ax+1
where (2+B)” = 4A°
a) show that o cannot be 0, 1 or -1

P(0)=1#0, .a=#0

P(1)=1+A+B+A+1 P(-1)=1-A+B-A+1
=2A+B+2 =—2A+B+2
BUT
(2+B)” = 4A?
2+B#12A
+t2A+B+2%0

~PQ)=0,P(-1)#0
hence o # +1




b) Show that 1 IS a root

a
P(lj: 14+ A;+ Bz+é+1
a 04 04 04 04
1+ Aa+Ba’ + Aad’ +a*
_Pla)
0[4
0 .
= (- P(¢)=0as«isaroot)
=0

- Lisaroot of P(x)
04




c) Deduce that If o I1s a multiple root, then its multiplicity is 2 and
4B =8+ A’

If « is a double root of P(x), then so s i, which accounts for 4 roots
04

However P(X) is a quartic which has a maximum of 4 roots

Thus no roots can have a multiplicity > 2

P'(x)=4x>+3AX* + 2Bx+ A let the roots be ¢, L and P
a
1 3
a+5+ﬂ:_ZA (sum of roots)...(2)
1
1+0[,8+§:§B (ZO[,B)(Z)

1
ﬂ:_ZA X apy)...(3)



Substitute (3) into (1) Substitute (3) into (2)

1 1, 3 1-tag-tat-lp
a+t———A=——A 4 4 a 2
a 4 4 . . .
11, 1-A(a+j:B
o 7 4 a) 2
1+ip =18
8 2
8+ A2 =4B

Cambridge: Exercise 5B; 1 to 16

Patel: Exercise 5B; 6b, 7b, 8 a,c,e,g,h

Note: tangent to a cubic has two solutions
—A double root
and a single root




