SYDNEY GIRLS HIGH SCHOOL

2013

TRIAL HIGHER SCHOOL CERTIFICATE EXAMINATION

Mathematics Extension 2

General Instructions

Reading time — 5 minutes

Working time — 3 hours

Board approved calculators may be
used.

A table of standard integrals is
provided at the back of this paper.
Diagrams are NOT drawn to scale.

All necessary working should be shown
in every question.

Start each question on a new page.
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Total marks — 100

Section I Pages 3-7

10 marks

e Attempt Questions 1-10

» Allow about 15 minutes for this section

Section Il Pages 8-17

90 marks

+  Attempt Questions 11-16

s Allow about 2 hours and 45 minutes for
this section
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Section I
10 marks

Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 An object moves in a circular path at a constant speed. Which vector in the diagram
below best represents the object’s acceleration?

A I
(B) I
(C) I
(D) IV
2. Which of the following cannot be the argument of a complex number z

such that z° =—1+i?

(&)

(B)

(©)

)

Lz
36

[3]
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5. Given that (x~1)P(x) =16x" - 20x* +5x—1, then if P(x) = Tc% +ax— QN , the value of

a1s:
A 1
®) 2
i
©) )
©® o
6. ...oammEHoo%H&an
(A) 0
®) 2
() B
(D) 20

ki3

4
Tooi xdx then ._.moo# x.dx =
0

1 52 n—-2
tan xsec X+
n—1 n—1

7. Given that ._.mmoa xdx =

(A)

[SSR NN

—

(B)
©)

= ¥

D) 6442

[5]
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The curve 4y* —9x* =36 is defined parametrically by the equations:

(A) x=4secH, y=9tand
(B) x=3secd, y=2tand
()] x=2tan@, y=3sech

(D) x=Y9tan@, y=4sect

P
3 = Uﬂ+©+ R where x#1,and P, O, R are constants. Which one of

AH~+MVAHI& P42 x-1

the following statements is false?

@A) 3=(Px+0)(x-1)+R(x* +2)
(B) R=1
(€) 3=2R-Q

(D) 3=P+R

[7]
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(c) ABCD is a quadrilateral whose diagonals AC and BD are equal and bisect each
other at the origin. A4 is the complex number z and ZAOB =30°.

(1) Find the coordinates of B,C, and D interms of z.

(i)  What type of quadrilateral is ABCD ? (justify your answer)

(d) The complex number z is a function of the real number » given by the rule

r—i
Z = 0<r<l.

| -
r+i

Evaluate _N* and hence describe the locus of z as » varies from 0O to 1.

dx

(e) By completing the square, find | —— .
x +4x-1

End of Question 11
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Question 13 (15 marks)

T

(a) Using the substitution ¢ = Hmbﬁmw , show that %w ||_..I&m =+3-1.
¢ 1+sind

2

(b)  The diagram shows the graph y = f(x) .

.3

Draw separate one-third page sketches of the graphs of the following:

®  y=r{)

1
f(x)

@ y=[f]
(v) y=I[f(x)].

@ y=

Question 13 continues on page 12

[11]
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Question 14 (15 marks)

(a) The Earth’s orbit around the sun is elliptical with the Sun as one of the foci.
The semi major axis of the Earth’s orbit is 1.486x10* kilometres and its

eccentricity is 0.017.

(i) How close to the sun does the earth come? 2

(i) What is the greatest possible distance between the sun and the earth? 2
(b) Determine all the roots of the equation x* ~5x> —9x* +81x—108 = 0 given that 3

there is a root of multiplicity 3.

(c) The polynomial P(x) =x’ +ax® +bx +6where a, b are real numbers has 1—i as one zero.

(i) Find aand 5. 2
(it  Factorise P(x) over the complex field. 1
(iif}  Factorise P(x) over the real field. 1
(d) Show that the equation 3x° +20x® +45x = ¢ can have only one real root, and 4

find the value of the constant ¢, if the sum of the other (complex) roots is -7.

End of Question 14
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(©) Consider a solid ABCDEF whose height is 21, and whose base is a rectangle ABCD,
where AB=a, BC =54, and the top edge EF =c¢

Consider a rectangular slice 4'B'C'D" (parallel to the base ABCD) x units from the top
edge, with width Ax .

() Show that the volume of the slice is AV = ﬁanT + b-c Hw? . 3

(ii) Hence show that the volume of the solid is mm.mw@ +c) . 3

6

End of question 15
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(c) Prove by mathematical induction for all positive integers 7 ,

Sb-uﬁ HN +tan™" H~w+...+ﬁmz-_h HN HH!S&-A ! u
2x1 22 2xn 4 2n+l

End of paper
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STANDARD INTEGRALS

1 .
x" dx = ™ pe—1; x#0,ifn<0
n+l
\-H '
—dx =lnx, x>0
x
o
i 1
e™ dx ==, a=%0
a
o
[ 1
cosaxdx = —sinax, a=0
) . a
i 1
sinax dx =—_cosax, az0
o
.
5 1
secaxdx Hmﬁmumxu azl
o
-
1
secax tanaxdx = —secax, a=0
) 23
-
1 I _ix
—_—dx =—tan 1>, a=z0
J ®~+Hm a @
. 1 X
=3 _Mu a>0, ~a<x<a
(1 T
=t b HET+ HmlaJ, x>a>0
J
r
1
—dx uET+§%+amv
J x?+4*

NOTE: Inx= Hommu? x>0
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¢)

-1
y

Area of base of cylindrical shell: A4(x) = z(R? —r*)
AA(x)=m((x+ Ax)* — )

A4(x)=27zxAx, (since Ax* is very small).
Volume of shell: AV (x) = A4(x) < height

AV (x) = Ad(z)x(* — 4x +7 - 4(x~2)?)
AV (x) = M(x)x(~3%" +122-9)

AV (x)= mﬁaxmAiHN +Aalwv>&

3
Volume of solid: V= hmm,w 67 (~x" +4x" —3x)Ax
48 32T
=67 | ~—
4 3 2 |
81 108 27 1 4 3
=6z|| ~—+— = [~ -t ===
4 3 2 4 3 2
=61 (.3
4 12
Haﬁxm
3

=V =167 units’
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c)
i) P(x)=x"+ax* +bx+6

Since all the coefficients are real, then by the
conjugate root theorem both (1-7) and (1+/) are
factors of P(x).

Product of roots of P(x):
-1+ =-6
(- =-6
20 =—6
o =-3
Now:
P(-3)=0

0=(=3) +a(=3)* +5(-3)+6
0=-27+9a-3b+6
0=-21+9a—3b............ (M

Sum of roots:
(1-H+(1-)~-3=-a
2-3=-a
a=1.._subinto (1)

0=-21+91)-3b
0=-12--3b

Over the complex field:
Px)=(x~1+i)(x—1-i)(x+3)

iiii)

Over the real field:

P(x)=((x=~17-#)(x+3)
= (2 = 2x+1+1)(x+3)
=(x? = 2x+2)(x+3)

d)

Let

P(x)=3x"+20x° +45x—c¢
Pi(x)=15x" +60x* +45

For stationary points P'(x)=0.
0=15x"+60x* +45
0=x"+4x*+3

0= (x* +3)(x* +1)

No real solutions

No turning points.

For points of inflexion P"(x)=0.
P'(x)=60x* +120x
0= x{(x*+2)
- atx =0 (y = ¢) there is a point of inflexion.

Hence there must be only one real root and two
pairs of conjugate complex roots of P(x).

Sum of ‘other’ roots is given as -7.
Consider the sum of the roots of P(x):

-7T+a=0
a =7 (is the real root)

Now P(7) =0 and by substitution ¢ =57596 .
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