Some HSC Conics Questions

a) 2015 HSC Question 13a)

2 2 2 2

The hyperbolas H, : x—z—y—z =1land H, : x—z—y—Q = —1 are shown in the
diagram. a b a b

Let O be the point (atanf, bsech)

\ / Let P(asecO,btand) liec on H, as
" _ shown in the diagram.
/ N




(i) Verity that the coordmates of Q(atanf, bsec) satisty the equation
for H,

X y2 _ a’tan’@ B b'sec @
a b a b’
2 2
=tan @ —sec 0
=—1
s Qlieson H,

(i7) Show that the equation of the line PQ is bx + ay = ab(tanf + sec6)

_ btan@ — bsecl

asecd — atand y—bsecld = — S (x — atan@)
b

ay —absec = — bx + abtan@

¢ bx + ay = ab (tan@ + sec)




(iti) Prove that the area of AOPQ 1s independent of 0.
perpendicular distance O to PO

L= ab(jag@_*zsecgﬂ d,, = Na'(sec —tan@) + b*(tand — sec)’
a +b

_ ab(tanf + secH) = \/ (tanéd — sec 9)2(612 + bz)

s/az + b = (tand — se(:t9)\/a2 + b

b(tan& + secl
A=%x < (an2 szec )X (tan6’—secé’)\/azz+b2
a +b
= %ab(tanzé’ ~sec” 0)
=%ab

~ the area 1s independent of &




b) 2014 HSC Question 13c) 22
The point S(ae,0) is the focus of the hyperbola — - g ~=1o0n the

2
positive x-axis. ¢

The points P(at,bt) and Q(
hyperbola, where ¢ > 0,

a b

t tj lie on the asymptotes of the

t*+1) b(t* -1
The point Az : > ) (2 )] IS the midpoint of PO
t t

y4




(i) Show that M lies on the hyperbola

M(aw) b@z_l)]

2t 2t

2 yz_az(t2+1)2 b (12 1)

a® b2 dd*? 4b%2
(7 +1) (£ -1)
A¢°
£ + 21 —|—1—(t4 —2¢* +1)
At°

47
4
=1
. M lies on the hyperbola




(ii) Prove that the line through P and Q is a tangent to the hyperbola at A7.

bt+é x> y°
My, = 2 2 B =1
at=— 2x 2y dy _,
(12 +1) a® b odx
=7 dy b°x
a(t _1) dx:azy
atM,dy:abz(t2+1)X 2t
dx 2t a’b(¢*-1)
_b(t2+1)
_a(tz—l)
:mPQ

. PO is parallel to the tangent at M
However, as M lies on PQ, PQ Is the tangent at M




(iii) Show that OP x 00 = OS”
2 2
OP x 00 = \/a2t2 L h2 x [y b

2 2

5 4
—tNa’ +b° xlx/az +b°

[

—a’+b°

2 +b2
= q‘e’ [ez == 2 ]
= (ac)’ ’
=0S*

(iv) If P and S have the same x-coordinate, show that A/{S Is parallel to one
of the asymptotes of the hyperbola. b(e —1)
at = ae ¢
m =
[=¢e M [4) (62 +1)
—dae
2e
b(€2 —1) b
- MS is parallel to the asymptote y = by T a(1-¢*) T 4
a




c) 2014 HSC Question 14b)

The point P(acos@,bsin @) lies on the ellipse

2 2
X

2+y2 =1 wherea > b
a” b

The acute angle between OP and the normal to the ellipse at P is ¢

yi

—

b

9

P(a cos @, bsin 9)

2 g2
(i) Show that tanqﬁz[a b jsin gdcosé

X =acCosé ab
Jx dy  bcosd
—=—asing dx  asin®
do

y=bsing -  asing
;Z—')‘;:bCOSH *e normal bCOS@

-y

_bsing
aCosd




bsingd asin@

_ acose_bcose
tan¢ = bsind asind
1+ X

aCoséd bcosH
asin@cos @ B bsindcosd

b a
cos® @ +sin% @

_|a®sin@cos@—b*sinGcosd
ab
(a?—b%), .
il sin@cos )| If Pis as illustrated, then @ is acute
—=sind >0, coséd >0
g% — b2
tan¢=( jsiné’cos&’
ab




(ii) Find a value of 4 for which ¢ is a maximum

sin@cosd = %sin 20

which Is a maximum when 26 :%

="
A4

2 2
as [a j IS a constant, then
ab

tan ¢ Is a maximum when 6 =%

as tan ¢ is an increasing function for 0 < ¢ < %

¢ 1S a maximum when 6?:%




d) 2013 HSC Question 12d)
The points P| cp, rj

ZlandQ cq,gj, where | p| #|g|, lie on the

P q

rectangular hyperbola xy =c¢
The tangent to the hyperbola at P intersects the x-axis at 4 and the
y-axis at B. Similarly, the tangent to the hyperbola at O intersects

the x-axis at C and the y-axis at D.
yi

B\'
-

=Y




(1) Show that the equation of the tangent at P is x+ p°y = 2¢cp

o2 dy c’ c 1
y=— when x =cp,— =— > y——crnj(x—qﬁ
L, dx  (cp) p D
y: C; _1 pzy_Cp:_X‘l‘Cp
dc x =— 2
p X+ p°y=2cp

(i) Show that 4, B and O are on a circle with centre P
~AOB is right angled with 4B as hypotenuse
. 4,0, B are concyclic, with AB diameter (4 In a semicircle = 90°)
centre of circle is the midp}oint of 4B

\
A;y=0 0+gg
2cp+0 p
X =2cp M,z = > ' o
2
py=2cp (. c
2 P75 ..4,0.B lies on acircle, centre P

y
P =P



(iii) Prove that BC Is parallel to PO

yi

P is centre of a circle passing through 4, B,O (proven in (ii))
Similarly,
O Is centre of a circle passing through D,C,0O
.. AP = BP and DQ = CQ (= radii)
AP _DQ _q
BP CQ

~.BC||PQ| AD (ratio of intercepts of || lines are =)




