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NORTH SYDNEY BOYS
HIGH SCHOOL

2015 HSC ASSESSMENT TASK 3 (TRIAL HSC)

Mathematics
Extension 2

General Instructions

¢ Reading time — 5 minutes

e Working time — 3 hours

e For Section |, shade the correct box
on the sheet provided.

e For Section Il, write in the booklet
provided.

e Each new question is to be started on

e Marks may be deducted for illegible or
incomplete working

e Attempt all questions

Class Teacher:
(Please tick or highlight)

a new page. O Mr Ireland
e Write using blue or black pen O MrLin
¢ Board approved calculators may be O Mr Weiss

used
o All necessary working should be
shown in every question

Student Number

(To be used by the exam markers only.)

Q”fj‘;i"“ 1-10 | 11 12 | 13 | 14 | 15 | 16 | Total
Mark |\ % |5 Gl B |G| 5| 5| ™




Section I: Objective Response

Mark your answers on the multiple choice answer sheet provided by shading the correct box.

1. One solution to the equation x* —6x* +26x” —46x+65=0 is x =2 - 3i.
Another solution is:

(A) 1-2i (B) —1-2i (6) ~Z—if (D) -2 +i

2. Whatrestrictions must be placed on pif «,f,y are the three non-zero real

roots of the equation x* + px—1=0 ?
(A) p>0, pisreal (B) p<0, pisreal

(C) p=0, pisreal (D) p=<0, pisreal

3. Consider the two statements:

5 7
II: Ix/sinxa'x = I«;‘cosx dx
0 0

Which of following is true?

(A) Neither statement (B) Statement I only

(C) Statement Il only (D) Both statements

4.  The polynomial equation x* +4x* —2x—5=0 hasroots «, 53,7.

Which of the following equations has roots a?, 8,7 ?
(A) x* —20x* —44x-25=0 (B) x*-20x>+44x-25=0

(C) x*-4x*+5x-1=0 (D) x*+4x*+5x-1=0



5. Which of the following is an expression for _[ ...... 1
\/7 6x—x
.o, X+3
(A) sin” ( )+c (B) sin (w7—)+c
® Sin_'(ﬁ)—kc (D) sin”’ (ff—?’)w
4 4
6. The shaded area in the Argand diagram below could be described by which
; y
pair of inequalities? Phg 1
2__
A 3 ——p X
\\\W |
(A) \z—1| <+2and 0<arg(z-1i) 5% (B) ‘z—ll <+/2 and 0<arg(z +1) s%
N _TT N _TT
© Izml‘ <land 0 <arg(z-i) SZ (D) ‘z—1| <land OSarg(zH)SZ
7. The region bounded by the parabola y = x* and the x-axis between x =0 and
x =1 Isrotated about the line x =2 to form a solid of volume V.
Which of the following is an expression for I? 1

@A) 7 [(-x) dy ®) 7 [(*-x*) dy

© [ le-0-1*]a @ 7#[[-e-»*]a



8.  Which of the following is equal to jsinsx dx ?

(A) isin4 X +c¢ (B) —COS x +%cos3 X +c

1
(C) —COS x—gcos?’ X +c (D) €OS x—gcos3 X +c

9.  The equation of the tangent to the ellipse x =3 cos@, y =2 siné at the point
T
where 8 = 3 is:

(A) 643 x—4y—543=0 (B) 2x-33y-12=0

(©) 2x+33y-12=0 (D) 63x+4y—5/3=0

10.  P(4,25) is a point on the rectangular hyperbola xy =100.

The tangent at Pcuts the hyperbola’s asymptotes at Qand A
The area of AOQOR (where Ois the origin) is:

(A) 20042 u? B) 2/50 u?
(©) 100 w? (D) 200 u’



Section Il:  Short Answer

Question 11 (15 marks) Commence a NEW page

(a) Evaluate |[sec’x tanx dx

[ e ]

(b Find |

dx
Vx?—=8x+25

(©)
(i) Resolve o i

———————into partial fractions.
(1-x)3+x7)

9+ x—2x2
(if) Hence find j——-——-——(l +;(3 x?) N
— X X

X
(d) Use the substitution £ = tan (=) to evaluate | 7
2 1—cos x

e | B o |
—
oy

(¢)

(i) Prove that I J(x)dx = -ﬂ[f (a—x)dx

g
(ii) Hence evaluate jx sinx dx
0



Question 12 (15 marks) Commence a NEW page Mark

(a) Find the square roots of 9—401. (Give your answer in the form @ +1iD) 2
(b) Express z= \/§+f in modulus-argument form, 1
(c) (i) Find the Cartesian equation of the locus represented by 212‘ =3 (z+2z). 2

(ii) Sketch the locus on an Argand diagram. 1

(d) Given that z=cos@+i siné,
=2cosnf 2

H

(i) Showthat z" +z~

(i) Hence solve the equation 2z* —z* +3z° —z+2 =0 3

(e) Pisa pointin the complex plane representing the complex number z, where

z satisfies \z - 2[ =2and O<argz < -725

(i) Sketch the locus described by these conditions. 1

(ii) Find the value of the real number kif arg(z—2)=karg(z*> —2z). 3



Question 13 (15 marks) Commence a NEW page

(a) Let f(x)=—(x-3)(x+1). The graph shown below depicts y = f(x):

On separate diagrams, sketch the following graphs without using calculus.

Indicate any asymptotes, intercepts or other important features.

M) y= s 2
(i) y=— 2
ii) y=
f(x)
(iii) y =e’® 2
(iv) ¥* = /() 2
(b)
(i) State the domain and range of y =cos™ (e") 2
(ii) Without using calculus, sketch the graph of y =cos™' (¢*), showing clearly
any intercepts and the equations of any asymptotes. 2

(c) For the curve defined by 3x” + y* —2xy — 8x+2 =0 find the coordinates of the
points on the curve where the tangent is parallel to the line y =2x. 3



Question 14 (15 marks) Commence a NEW page Mark

(a)
(i) Ifa isaroot of P(x)with multiplicity 7, show that & is also a root of
P'(x) with multiplicity n—1. 1

(i) Given P(x)=2x"+9x" + 6x” —20x 24 has a triple root, factorise P(x)
into its linear factors. 3

(b) Using the method of cylindrical shells, find the volume generated by revolving

2
2 x

the area bounded by the lines X =22 and the hyperbola —9*— E =

about the y~axis. 4

(¢) The diagram below shows a cross-sectional slice of a solid whose base is the

region enclosed by the circle x*+ y2 =4,

Each such cross-section is an equilateral triangle.
Find the volume of the solid. 3

(d) Suppose that P(x) = x* —2x* +3x* —4x+1 and the equation P(x) =0 has

roots &, 3,7,0,
(i) Show that &” + B> +y° +6° =2 2

(ii) Hence prove that the equation P(x) =0 has precisely two real roots. 2



Question 15 (15 marks) Commence a NEW page Mark

S 5
(a) P(5p, ;) and 9(5¢, ;), P,g> 0, are two variable points on the hyperbola

xy=23.
(i) Derive the equation of the chord Q. 2
(ii) State the equations of the tangents at P and Q. 1
(iii) If the tangents at Pand O intersectat R, find the coordinates of R. 2
(iv) If the secant PQ passes through the point (15, 0), find the locus of R. 2
2 yz
(b) Points P and Q are the endpoints of a focal chord of the ellipse ? + 'b—2 =1.

If the parameters at Pand Qare @and @ respectively, show that the ellipse’s

e sin(@— @)

tricity is gi =" 3
eccentricity is given by SiE—sing

(c) Asequenceof numbers 7, n=1,2,3.., isdefinedby 7, =2, 7, =0 and 5

I, =21 _,-2T, ,,forn=3,4,5..

» 5 nr
Use mathematical induction to show that 1:, = (\E)m COos —4“, n=E23..



Question 16 (15 marks) Commence a NEW page

(2) zom
B
c NoT TO 5cqLE
(o}
A
P Q
R
° fe

The points 4, B,C, represent the complex numbers z,,Zz,,z; respectively.

The points P, 0, R, represent the complex numbers W;, W,, W;.

Z,=Z, W,—W
If = then prove that AABC is similarto APOR. 3

Zy—2, W;—W,

(b) ABCDis a cyclic quadrilateral. DA produced and CB produced meet at P.
T is a point on the tangent at D to the circle through 4,5,C and D.
PT cuts CA and CD at E and F respectively. TF =TD.

Copy this diagram into your writing booklet.

(i) Show that AEFD is a cyclic quadrilateral.

(ii) Show that PBEA s a cyclic quadrilateral.

Mark



(©) Letl, = [ (1 —x®)"dx andJ, = [; x?(1 — x?)"dx

(1) Apply integration by parts to /,, to show thatI,, = 2n J,,_4

n

(ii)  Hence show that I, = e

]nhi

(iii))  Show thatJ, = I, — I,,,; and hence deduce that J,, = s

2n+3

(iv)  Hence write down a reduction formula for J, in termsof J,,_4

END OF EXAMINATION
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[&it}etd
(b) - j A%

nll x¥- 8 +?f

= A
ji(l’f‘f)L%Sl
= An (‘x-f‘f + hl(z—q)%q + C

(b«a stendard M?‘eﬁra(.r)

© 9+ x-2x" = A , BxiC
() (!-x)(3+x’j = 3+ x*
9t o - 2% = A[3+x’)+(Bx+C)[f"x)
= (A-'B):)LL t(B-c)x + 6A+C.)
A-B =2 @
B ~c.& | )
3A e = g (3)
M+ A —c == &)
3)+U)» HA =8 . A=
c=3 b6=4
4+ x- 2x* - 2 4 K+ 3
(f“x)(3fx") [-2¢ 34

M 2 4 + __?’_____._. dx
) T- J([T——:Em-* 3tx* 3+x™

LTE -Q»!mff"x—_l + 2 z’“(g“‘l) +43 Ml[%) e

A
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i
z
dy 1- J L 4 fot t= ten(%)
|— coS x 2
= e At = -2L Sec —E— A
g 20t = (+tam i) M=
e Jx = 2—db
1+1?
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ﬁ
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° X0 uU=-a sezd = WD
o
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Q o o
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m T
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QR\2
@) ket 2= (a+ib)™= 9-4oi
ateh = 9

and 2abt

= ~Yoc

63 :‘nsloe,dft‘an) a=%5, b= —y

ab = =40 .

o a=-5 b=4%

ie. Square roofs are S o4/ and —Bd L
b) 3: 3+ - 2(4_;_3+‘-2LL)
Z = Q(Cosz'":-t- an.zmi)
E) () Let z=xtiy  xy veat

2|2 = 3(z+2‘)
412|>= 1 (2+%)”

and XZ2o

4 [xhj’} = 9 (2x) z
4-3" = 32 Zl
:jz = g'xz' . X220
.. IAN
(“) g‘j: @-:C-
5 ~

y=-{g x
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@A) )y 7: cosot isin®
Zn: (Cosa § Ef:'nﬁ)n: Cos NG + tSinNG
Z—n: (Cos 6 +£sfnt9)—n_— cos(-nts’)+55f“ (-n¢)

= Gsng - L sinnb

-n 5 o .
coSnb +c§%q&'+cosn9“"$'\'\”9

A oS h O

M
s
+
M
"

i

(i y 5 -
/ 2z27- 2.3z 2 =0

3 =

,z[z"ﬂ) - (2*+r2) + 52" =0
&3 2(2°+27) - (z+7) + 3 =0

-
2(240529)-‘- 2686 + 3 =0

4 s B — 2wse® +3 =0

4(2¢¢,s"9 -1) — 2ws® + 3 =o

§ 0s'® — 2SO =1 =

R cose — 1 )(H4ws6 +1) =0

©30° 3 o es B° '"#
if casazé’:} Sing =% *[;5_
*

1§ Cse= -4 sing> ﬂ;i—

[+

rootS are 2= --Liffﬁ LE
> 7

-1
2 7

A




C@) /Z-—z{z?.. and o<cu~3% <

S

()  Im()f
P
4
S //
— 2 7 > Re(z)
(“) AY
z-2
¥ X, .ﬁ) —C N %

arg (2-2) = Ry (2-22)
= R g Z2/z-2)
"R (agz + ag (2-2)
Using vec%wf/ we (oo that
&K—fer—t;r‘{%‘dz'

afg(z—;.)za.a,g-z- (Wmﬂh«l)

Ragt = k(xg 2+ 2eq8)
3 = 3K

Hence

o 2
k= % .
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We heed —| < * < x
D: wge
Since x fo, 055 <T.2E (me—)O M:z-a-—cf’)
R: o<cy<%
Ay
TR T e
2 6 P
gj=ws[e)
= W
(©,9 e (Hai:n’re
symphote )

Sx'} + 2
y -2xy - 8x + 2 =0

b
t <y j—% -2y 2xdy —8 =0
Adx

Ay
ZZ: g — 6x +2y = 4-3x+9

.ZD—‘zx E’J—X-

Thaeo 4-3x +Y =9

U-—-x
Lf'?)).'a}-g: 2-3*29C - 3:- H4-x .

Sub . vn curve %W\a P

2 z
3xr 4+ 1b-8x +x — §x + Yp* e P )2 SO

bxt - 24x 418 =0
2= Y4x +3 =0
(-3 )(x-1) =0
c.ox=3 oy =
o x=l o y=3

ﬂLPth‘fZSQJ-L (3/}) and (})BD_
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(@ () Let Plx)= (e-)' &lx) , @&(x)%0.
F’[y) = ﬂ[x—o()n-{ Rfx) + (x-—o()n CQ’(Y)

= Cx-*o( )n—r [n.&(x) L (x-d)- @f[x)J
= (x_ ,,(.)h" . Q; (I) , wWhee d?[a() #0
“ o s aroot o:f ’O"ﬁ,) °3 mu(ﬁ’ph'ci{y n-1| .

(“) P[].’)‘-": zxq-}— qu +6xz' - 2ois - 24 haa ain_/'at

oot
P![:{):'— 8x®+ 232"+ 2z = 2O Ao a dewlie ot
SoPY) = 244 SYx +12 has  a I- fold vos% -
2¢x*+ SY¢x +12 = 0O
Ux*+qx + 2 =D

(4x+1 Y(x +2) =0°

“ X= - ~ -2 .

4
(f
Subbinj > -2 .—2}
i) = 2 (—-2)4 9 (-2)° 4 é[—z.-)z.*zo(-z)-bf o
X= -2 ¢ fhe 4»)5& WO 4

By mspectory  plx)= (342)7(x-3)
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m (%) P(5f’z- ) Q(Sz,%>} p, g >0

(i) = el -
5-2-5}0
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A xrpgy = Slpts)
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Cb--(;; 1S} OM/—/%{(MS 6, bsine) 5= @e,o)
s - = (ae,o0)
~_| 7
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TD= TF (@Né’n)

<« L TFp = < TDF (lm_(e a.njle.s of iSosceles
Friangle are equel )

< TDF = <CAD (anjle between —p‘d,mjeyﬂl’ avd chord
af /oomf oF tontact eguals a,r(the_
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C <TFD = < cAD
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