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Mathematics Extension 2

General Instructions:

e Reading time — 5 minutes

e Working time — 3 hours

e Write using black or blue pen
Black pen is preferred

e Board-approved calculators may
be used

e A table of standard integrals is
provided at the back of this paper

e In questions 11 — 16, show
relevant mathematical reasoning
and/or calculations

e Answer all Questions on the
writing sheets provided
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Section |

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 Which pair of coordinates gives the foci of 4x* —25y> =1007?

2 What are the values of a and » for which the following identity is true?

3x*+7 a b
(x2+9)(x2+4)_x2+9 x> +4

(A) a=1and b=2
(B) a=4 and b=-1
(C) a=1and b=-2

(D) a=4 and b=1

3 The region in the first quadrant between the x-axis and y = 6x—x’ is rotated about the y-axis. The volume
of this solid of revolution is.

(A) ﬁj(6x—x2)dx

(B) (6x X )2 dx

o'—,cx

(©) 2ﬂjx(6x—x2)dx

(3+\/9—)2d

(D)

o'—.m



4  Which expression is equal to J

5

dx o
Vax—x* .

(A) In[(x=2)+6-x |+c
(B) ln[(x—2)+\/6+x]+c
(C) sinlx;2+c
(D) cos‘lx_2+c

The polynomial 4x’ +x* —3x+5=0 has roots &, and y . Which polynomial equation has roots

and Z?

(A) 8x +2x*—6x+10=0
(B) 2x +x*—6x+5=0
(C) 32x° +4x* —6x+5=0
(D) 5x°-3x"+x+4=0

R

b

(SRR



6 The Argand diagram below shows the complex number z .
)

14

0 i X

Which diagram best represents the locus of P such that P = |Z| ?
(A) y B v
14 14

©) D) v

7  Which diagram best represent the cube roots of 8i ?
(A) ’ (B)

<

© (D) I

- * >




8 Which diagram best represents z° +z° =16

(A) v (B)
(€) ' (D)

J

A

< > X
\
\/

9 A particle of mass m falls from rest under gravity and the resistance to its motion is mkv*, where v is its

speed and £ is a positive constant. Which of the following is the correct expression for square of the
velocity where x is the distance fallen?

y =

(A) 2 g(l_e_z;a)

(B) W2 :%(1_'_6—21“)
© W :%(1_62195)
(D) W :%(1_‘_62@)



10 The diagram shows the graph of the function y = f(x).

Which of the following is the graph of y = | f (x)| ?

A) (B)
D
©) (D)




Section 11

90 marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Answer each question on a new writing sheet. Extra writing sheets are available.

In Questions 11-16, your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 marks) Use a SEPARATE writing sheet.

a) Given that z=~/3 +1ll' find:

1-i
(1) Irn(z)

i) =z

(ii1))  z in modulus argument form

b) Sketch separately the following loci in an Argand plane.

i) 2fz—(1+i)| =]z (4+i)

(i) {z:OSarg(z+4+i)£2T7Z and|z+4+i|£4}

V4

2
c) Findj dx

1+tanx

0

1 1 1
d) For x>0,y>0,z>0 showthat x+y+z+—+—+—26
X y z



Question 12 (15 marks) Use a SEPARATE writing sheet.

a)

22

Z]

0

_—  —

In the Argand diagram OA and OB represent complex numbers

3z .. 3m Sz .. 5w .
z, =2| cos—+isin— | and z, =2| cos—+isin— | respectively.
4 4 12 12
i) Show that AOAB is equilateral
i1) Explain why z, —z, is equal to z, rotated by % radians

1i1) Express z, -z, in modulus-argument form.

b) Solve z° =-8—6i

c) (1) Show that the recurrence (reduction) formula for / = J-tan "x dx is

I, = tan "' x—1, ,.
n—1

iy

3 4
(ii))  Hence evaluate I tan *x dx
0

10



Question 13 (15 marks) Use a SEPARATE writing sheet.

a) The diagram shows the graph of y = f (x) . The graph has a horizontal asymptote at y=0.

Draw separate one-third page sketches of the graphs of the following:

b)

M y=(/() 2

i) y=—— 2
f(x)

(i) y=xrf(x) 2

i) y=/(}) 2

The ellipse, £ , has equation 9x° +25y” =225 .

P is any point on the ellipse and 4 and B are the points (5,0) and (—5,0) respectively.

AP, produced if necessary, meets the y axis in Q,and BP,also produced if necessary,
meets the y axisin R

The tangent at P meets the y axisin T

(1) Find the eccentricity

(i1) Sketch the ellipse, E, showing the coordinates of its foci.
xcos® N ysing
a b

(ii1) Given that the equation of the tangent at P is I.

Prove that 7" is the midpoint of QR

11



Question 14 (15 marks) Use a SEPARATE writing sheet.

a) For any non-zero real number 7, the point (t,lj lies on the graph of y = 1 .
t X
(1) Show that 9xy =11is the equation of the locus of the point that divides the straight line

joining [t,lj and (—t,_—lj in the ratio of 1:2 respectively, as ¢ varies.
t t

(i1)) Show that the equation of the tangent to y = 1 at the point (t,lj may be written in the
X t

form £’y —2t+x=0

(ii1) R (0, h) is a point on the y axis. Show that there is exactly one point on the hyperbola
y= 1 with tangents that pass through R

X

} dx
b Find j
) a’ cos® x+b*sin’ x

In the diagram ABC is a triangle inscribed in a circle. The altitude AD is produced to meet
the circle at .J . The altitude BE is produced to meet the circle at K and the two altitudes intersect
at M .

1) Copy the diagram onto your answer sheet
i1) Show that ABDE and CEMD are cyclic
ii1) Prove that AC bisects L/KCM

iv) Prove that KC =JC

12



Question 15 (15 marks) Use a SEPARATE writing sheet.

a) A particle of mass m kg is set in motion, with speed # ms™' and moves in a straight line
before coming to rest. At time ¢ seconds the particle has displacement x metres from its starting

point O , velocity v ms™' and acceleration a ms™

The resultant force acting on the particle directly opposes its motion and has magnitude m (1 + v)

Newtons.

(i) Show that a = —(1 + v)

(i1) Find expressions for
1. x interms of v

2. vinterms of ¢
3. xinterms of ¢
(ii1)) Show that x+v+t=u

(iv) Find the distance travelled and time taken by the particle in coming to rest.

b) Given that z =1-2i is a factor of the equation P(z) =z' -2 +62° -z +15

(i) Factorise P(z) into real quadratic factors

(i1) Solve for P (z) =0for z

13



Question 16 (15 marks) Use a SEPARATE writing sheet.

a) (1) Prove that + ! > ,forall p>0
2p+1 2p+2 p+1
(i1) Consider the statement
1 1 1 _37
m).——+ F o +—2>—
vim) T 2m 60

Show that by mathematical induction that y (m) is true for all integers m > 3.

1
(ii1) The diagram below shows the graph of x =— , for # >0
t

m+l1

1

t m+1

m

1
(iv) By comparing areas, show that J —dt >

v) Hence, without using a calculator, show that log, 2 > Z—O

14



b) A wedge is cut from a right circular cylinder of radius 7 by two planes, one perpendicular
to the axis of the cylinder while the second makes an angle « with the first and intersects it
at the centre of the cylinder.

P

A is the area of the triangle that forms one face of the slice.

i) Show that 4= %(r2 ~y*)tana .

i1) Hence show that the volume of the wedge is %rz’ tan o

End of Exam

15



Ix” dx =
Iidx =
Ieax dx =
Icosaxdx

Isz'n ax dx

2
Isec ax dx

STANDARD INTEGRALS

1
™ n#E—1 x 20, if n<0
n+1

Inx, x>0

ax

—e™, a#0
a
1 .
= —sinax, az0

a

1
= ——cosax, az0
a

1
= —tanax, az0
a

1
Isecaxtanaxdx = —secax, az0

a

I ! dx = italflf, a#0

a’ +x a a
1 L X
I dc = sin'=, a#0, —a<x<a
a’ —x’ a
1
I — dx = In(x+x?—a’ ), x>a>0
X —a

————dx = In(x+Vx’ +a’)

NOTE: Inx = log.x, x>0

17



Student Number: Teacher Name:

Section | - Multiple Choice

Select the alternative A, B, C or D that best answers the question. Fill in the response oval
completely.
Sample: 2+4= (A) 2 (B) 6 (C) 8 D) 9

AO B@® cO DO

If you think you have made a mistake, put a cross through the incorrect answer and fill in the
New answer,

A@® B W cO DO

If you change your mind and have crossed out what you consider to be the correct answer, then
indicate the correct answer by writing the word correct and drawing an arrow as follows.
correct

AW B ¥ cO DO

2
\/
=
0
O
O
o
O

Here

O 90 1 & W e W N
>
O 00O
0000
0000
U U U U
O 00O

=
o=
O
O
O
O
O

19
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