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MATHEMATICS EXTENSION 1
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General instructions

Working time — 2 hours.
(plus 5 minutes reading time)

Write using blue or black pen. Where
diagrams are to be sketched, these may be
done in pencil.

Board approved calculators may be used.
Attempt all questions.

At the conclusion of the examination, bundle
the booklets used in the correct order
within this paper and hand to examination
Supervisors.

SECTION I

e Mark your answers on the answer grid
provided (on page 11)

SECTION II

e Commence each new question on a new
booklet. Write on both sides of the paper.

e All necessary working should be shown in
every question. Marks may be deducted for
illegible or incomplete working.
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2 2016 MATHEMATICS EXTENSION 1 (HSC COURSE) ASSESSMENT TASK 4 (TRIAL EXAMINATION)

Section I

10 marks
Attempt Question 1 to 10
Mark your answers on the answer grid provided (labelled as page 11).

Questions Marks
. 1
1. What is the number of asymptotes on the graph of y = — 1 ? 1
x J—
(A) 1 (B) 2 (©) 3 (D) 4
2. A s the point (—1,4) and B is (9, —6). Which of the following are coordinates of 1
a point that divides AB internally in the ratio 3 : 27
3. The equation of the normal to the parabola x? = 4ay at the variable point 1

P (2ap, ap2) is given by = + py = 2ap + ap®.

How many different values of p are there such that the normal passes through the
focus of the parabola?

(A) 0 (B) 1 (C) 2 (D) 3

4. A curve has parametric equations x =t — 3 and y = t* + 2. 1
What is the Cartesian equation of this curve?
(A) y=a22>—z-1 (C) y=2a?—6x+11

B) y=2?+z—-1 (D) y=a?+6x+ 11
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2016 MATHEMATICS EXTENSION 1 (HSC COURSE) ASSESSMENT TASK 4 (TRIAL EXAMINATION) 3

5
5. What is the value of tan~! <tan %) ? 1
m m o o7
(A) 7 (B) -7 ©) D) ==
6. A graph of the function y = f(z) is shown. 1

—4

Area A is equal to 3 square units, and area B is equal to 7 square units.

6
What is the value of / Y z) dz?
—4

(A) 4 (B) 10 (C) 14 (D) 20

7. What is the largest value of m such that the equation sin~! 2 — mz = 0 has three 1
unique solutions?
(A) m=0 (B) m=1 (C)m:g (D) m=n

8. f(z) is shown in the following diagram, and f(x) has a root at = z(. Sahil 1

is trying to find the first approximation to this root, from where a second
approximation will be found by Newton’s Method.

Y

A

X
"EOK/_\
D

BC’

Which point should Sahil choose as his first approximation, so that his subsequent
application of Newton’s Method will produce a better approximation?

(A) A (B) B ©) ¢ (D) D

NORMANHURST BOYS’ HIGH SCHOOL FRIDAY AUGUST 12, 2016



4 2016 MATHEMATICS EXTENSION 1 (HSC COURSE) ASSESSMENT TASK 4 (TRIAL EXAMINATION)

9. A graph of the square of the velocity against displacement is shown. 1
02
2
1 =€
| x
-2 -1 1

What type of motion does this graph best describe?

(A) Parabolic (C) Projectile
(B) Exponential (D) Simple harmonic
. . d (1,
10. Which of the following is not equal to 7o\ 3? ? 1
dv dv . .
A) v— B) — (©) & (D) &
(A) v B) =

Examination continues overleaf. ..
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2016 MATHEMATICS EXTENSION 1 (HSC COURSE) ASSESSMENT TASK 4 (TRIAL EXAMINATION)

Section II

60 marks
Attempt Questions 11 to 14
Allow approximately 1 hour and 45 minutes for this section.

Write your answers in the writing booklets supplied. Additional writing booklets are available.

Your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 Marks) Commence a NEW booklet.

(a)

Find the acute angle between the lines 2z — y = 0 and z — 2y = 0, giving the
answer correct to the nearest degree.

22 —4

Solve the inequality > 0.

Find the roots of the equation z3 + 622 — 2 — 30 = 0 given one of the roots of
the equation is the sum of the other roots.

ABCD is a cyclic quadrilateral. E'F is a tangent at A to the circle. C'A bisects

ZBCD.
E

A

Show that EF' || DB.

Question 11 continued overleaf. ..

NORMANHURST BOYS’ HIGH SCHOOL
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6 2016 MATHEMATICS EXTENSION 1 (HSC COURSE) ASSESSMENT TASK 4 (TRIAL EXAMINATION)

Question 11 continued from previous page. . .

(e) The diagram shows the parabola z?> = 4ay. The points P(2ap, ap2) and
Q (2aq, aq2) lie on the parabola. The tangents at P and (Q intersect at the

point T'.
Yy
x? = day
P (2ap, ap2)
Q (2aq, aq?)
x
T
i. By referring to the Reference Sheet or otherwise, show that T has 2
coordinates (a(p +q), apq) .
ii. The points P and ) move on the parabola such that the gradient of the 2

chord PQ is always equal to g.

Show that the locus of T is parallel to the axis of the parabola.

Examination continues overleaf. ..
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2016 MATHEMATICS EXTENSION 1 (HSC COURSE) ASSESSMENT TASK 4 (TRIAL EXAMINATION) 7

Question 12 (15 Marks) Commence a NEW booklet. Marks
(a) Prove by induction that: 3
2x1  22x2  23x3 2" xn 2t

= —1
2><3+3><4+4><5+ +(n—l—l)(n—i—Q) n+2
for all integers n > 1.

(b) A footpath on horizontal ground has two parallel edges. CD is a vertical street
sign pole of height h metres which stands with its base C' on one edge of the
footpath. A and B are two points on the other edge of the footpath such that
AB =7Tm and ZACB = 60°. From A and B, the angles of elevation to the top
of the pole at D are 30° and 60° respectively.

D

C T
6 (¢]
w
60° 30 l
B A
[ 7m >
i. Show that the exact height of the flagpole is h = /21 metres. 3
ii. By considering the area of AABC, find the exact width w of the footpath. 3
(c) i. Find the derivative of f(z) = tan (2?). 2
a
ii. Hence or otherwise, evaluate / x sec? (xz) dx. 2
—a
(d)  Find the simplest expression for sin (cos_l(x - 1)) in terms of x only. 2

Examination continues overleaf. ..
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8 2016 MATHEMATICS EXTENSION 1 (HSC COURSE) ASSESSMENT TASK 4 (TRIAL EXAMINATION)

Question 13 (15 Marks) Commence a NEW booklet. Marks
()  Evaluat / L4 2
a valuate [ ——— dx.

V9 — 4a?
(b)  Use the substitution u = 3 4 e* to find the exact value of 3

Inb T
e
/ &
0 V34 et

(c) i. Differentiate y = tan™! (e%). 2
ii. Find the equation of the tangent to y = tan~! (e%) at x = 0. 2
iii. Discuss the behaviour of the curve as © — co. 1
(d) i. Evaluate /tan2 2z dx. 2
ii. Find the exact volume generated when the area between -curve 3

1
Yy = —tan~! x, the x axis between x = 0 and x = /3 is rotated about
2

the y axis.

(Extension 2 students: Do NOT use volumes by slicing or cylindrical shells)

Examination continues overleaf. ..
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Question 14 (15 Marks) Commence a NEW booklet. Marks

(a) A projectile is launched from the origin, across a level plain at 30° to the

horizontal and at an initial speed of 60ms~!. Use g = 10 ms~2.

V =60ms*

The displacement equations of motion are:

=30V 3t
{x V3 (Do NOT prove these)

y = 30t — 5t2
i. Find the maximum height of the particle. 2
ii. Find the velocity of the particle one second after launch. 2
(b) A particle is moving in simple harmonic motion with
rT=—-4x+4

Initially, the particle is at the origin and is moving away from the origin with a
speed of 2+/3 ms~1.

i. Use integration to show that v? = —4(x — 3)(z + 1). 2
ii. Find the centre and amplitude of the motion. 2
iii. Find the displacement-time equation for this particle. 3

Question 14 continued overleaf. ..
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Question 14 continued from previous page. . .

(c) A rod RP is leaning on a disc of radius 1m as shown in the diagram. The
centre of the disc is labelled O.

One end of the rod R, is fixed to the ground, whilst the disc is tangential to the
ground at Q.

P

1.5ms ™!

The disc rolls to the right with a constant speed of 1.5ms™!. As the disc rolls,
the other end of the rod P commences its descent towards the ground.

Let ZORQ = ¢ and ZPRQ = 0 and RQ = z.

i.  Write a relationship between ZORQ, OQ and RQ. 1
ii. Hence or otherwise, find the rate of change of 6 in radians per second, when 3
r = 6m.

End of paper.
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Answer sheet for Section 1

[

Mark answers to Section I by fully blackening the correct circle, e.g “q

BOSTES NUMBER: ....... . i

Class (please )

(O 12M1 — Mr Sekaran (O 12M3 - Mr Lam

O 12M4 — Mr Wall

O 12M2 — Mrs Bhamra O 12M5 — Mrs Gan
I-® © ©
2- ™ © ©
3- ™ © ©
4- ® © ©
5— W © ©
6- ® © ©
T— ® © ©
8- ® © ©
9- ® © ©
10- ™ © ©
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2016 Mathematics Extension 1 HSC Course Trial Examination
STUDENT SELF REFLECTION

1. In hindsight, did I do the best I can? Why e Q6, 13 - Integration (of inverse
or why not? trig/subsitution/volumes), Curve
Sketching.

2.  Which topics did I need more help with,
and what parts specifically?

e Q9-10, 14 - Further applications of
calculus to the physical world.
e Q1-4, 8, 11 - Miscellaneous topics,
Polynomials, Circle  Geometry,
Parametric Representation

.................................... 3' What Other partS from the feed'back
session can I take away to refine my
.................................... SOlutiOl’lS fOI‘ future reference?

e Q5, 7, 12 - Induction, 3D
Trigonometry, Inverse Trigonometry

FRIDAY AUGUST 12, 2016 NORMANHURST BOYS’ HIGH SCHOOL



2016 MATHEMATICS EXTENSION 1 (HSC COURSE) ASSESSMENT TASK 4 (TRIAL EXAMINATION) SOLUTIONS13

Sample Band 6 Responses

Section 1

1. (C) 2. (D) 3. (B) 4. (D)
6. (C) 7. (C) 8. (A) 9

Section II
Question 11 (Wall)
(a) (2 marks)

20 —y =0
y = 2x

Apply angle between two lines formula,

5. (A)
10. (D)
T — 2y

—_ 9_1
tanf = ™M) 21
3
_|2|_3
2 4
.0 =236.869°--- ~ 37°

(b) (3 marks)

v' [1] for multiplying by the square of the

denominator.

v [1]  for significant progress towards

solution.

v [1] for removing x
solution.

= 0 as a possible

22 —4
>
x x 2
X2
z(z? —4) >0

—2<z<0orz>2

(3 marks)

v’ [1] for correct usage of elementary
symmetric functions.

v [1]  for significant progress towards
solution.

v' [1] for correct final solutions.

22 +622—2-30=0

Roots are a, § and o + 3

e Sum of roots:

a+ﬁ+(a+ﬁ):—§:—6

1
S2(a+8)=—6
a+pf=-3
e Product:
af(a+B) = _Z =30
afB(—3) =30
Soaf =-10

Form a quadratic with sum of roots —3
and product of roots —10:

22— (a+pB)r+aB =0
2’ +32—10=0
(x+5)(x—2)=0

Lr=2,-5

Hence roots are x = 2, —5, —3.

NORMANHURST BOYS’ HIGH SCHOOL
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142016 MATHEMATICS EXTENSION 1 (HSC COURSE) ASSESSMENT TASK 4 (TRIAL EXAMINATION) SOLUTIONS

(d) (3 marks)

v [1] for appropriate usage of Z in the
alternate segment.

v'[1] for appropriate usage of Z in the same
segment.

v' [1] for final justification.

To prove EF || DB : let ZBAF = « and
£LBCA=/ACD = §.

o Let LZACD = p5.
Then LZACB =
(C A bisects ZBCD, given)
e /ABD=/ACD=p
(£ in the same segment, on chord AD).
e /FAB=/ACB=p
(£ in the alternate segment)
e EF| DB
(alternate angles ZFAB = ZABD)

(e) i. (2 marks)
V' [1] for adequate steps to show

z =alp+q)
v [1] for adequate steps to show
Yy = apgq.
Y
7?2 = day
P (Qap, apQ)
Q (2aq, ag?

Solving simultaneously for equation

of tangent at P and @)

y =px —ap’
{y=qx—aq2
pr — ap® = qz — aq®
px — qr = ap® — aq’
z(p—7] = alp—7J(p + q)

sx=a(p+q)
Subtitute into y = px — ap?:

y = pla)(p+q) — ap®
= ap® + apq — ap®
= apq

ii. (2 marks)
V' [1] for finding relationship between
p~+q and a.

v [1] for correct justification of locus.

a
me:§

Applying gradient formula with

a

m = % 2betvveen P(2ap, ap?) and
Q(2aq, ag®):

aq® — ap? _a

2aq — 2ap 2
Ag—P]g+p) _a

20(a—D] 2
Soptg=a

Substituting into z7:

xT:a(p+q):a2

As the x coordinate at T is a
constant, the locus of T is a straight

line at = = a?2.

LAST UPDATED AUGUST 30, 2016
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2016 MATHEMATICS EXTENSION 1 (HSC COURSE) ASSESSMENT TASK 4 (TRIAL EXAMINATION) SOLUTIONS15

Question 12 (Lam)

(a) (3 marks)

V' [1] for testing base case.

v [1] for correct use of the inductive

hypothesis in the testing.

v’ [1] for final answer.

Let P(n) be the proposition

2><1+22><2+23><3
2% 3 3 x4 4 x5

I 2" X n
(n+1)(n+2)
2n+1
o +2
for all integers n > 1.
e Base case: P(1)
2x1 2
Left: o2
2x3 6
1
-3
1+1 92
Right: —1=—-1
® 2 3
43
3 3
1
-3

Hence P(1) is true.

e Inductive hypothesis: assume P(k) is

true for k € Z*, i.e. P(k) is

2x1 22x2 22x3

2><3+ 3 x4 + 4 x5

2k % k
(k+1)(k+2)
2k+1

= -1
k+2

Examine P(k + 1):

2><1+22><2+23><3
2x3 3 x4 4 x5

xR
(k4 1)(k +2)
281k 4-1)
(k4 2)(k + 3)
_ 2k+1 «(k+3) s 2k+1(k+1)
k + 2 x(k+3) (k+2)(k +3)

B 2k+1(k+3)—|—2k+1(k:+1)
B (k+2)(k +3)

2k (2k + 4)
(k+2)(k+3)
B % 2k+1M
- 2k +3)

2(k+1)+1
k+1)+2

-1

. P(k+1) is also true, and P(n) is true
by induction.

i. (3 marks)
v' [1] for both CB and CA in terms
of h.
v' [1] for correct usage of cosine rule
in AABC.

v [1] for demonstrating h = /21.

h o
ﬁ —tan60 —\/g

-.CB =

5=

NORMANHURST BOYS’ HIGH SCHOOL
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162016 MATHEMATICS EXTENSION 1 (HSC COURSE) ASSESSMENT TASK 4 (TRIAL EXAMINATION) SOLUTIONS

e In ADCA, (c)

h o
a =tan30° =

S CA=hV3

Sl

e Applying cosine rule in AABC:

AB? = BC? + AC? — 2(BC)(AC) cos 60%i.

h? 1
2 2 2
= — +3h%—2R% x =
7 3+3 ><2
7
49 = —p?
3
h? =21

h=+21

ii. (3 marks)
v [1] for area by sine rule
v’ [1] for area by 3 x h, x base
v

[1] for final value of w.

Finding the area by base and
perpendicular height, where the
perpendicular height is denoted

w:

(d)

A:lx7><w
2

e Finding the area by the sine rule:

_ Vo1
_W_ﬁ
CA=+21V3=3V7

A= %absinC

CB

1
= i(BC)(AC) sin 60°

L) (1) 4

Equating areas,

7 1 V3
gu=5x(v7) (3v7) 5
;wzgx?)\/g
3V3
W=——m
2

i. (2 marks)
f(x) = tan (:c2)
Applying chain rule,
f(z) = sec? (2?) x 2z
= 2z sec? (xz)
(2 marks)
/a  sec? (acQ) dz =0

(y = z is odd, y = sec? (xQ) is even,
,i.e. odd x even = odd. Integrating
an odd function over a balanced
interval —a < x < a produces zero.)

Alternatively,

/a zsec? (2%) dr = ! [tan (xQ)]ia

—a 2
= 5 (1ana® — tana?)
=5 (tana ana
=0
(2 marks)
v' 1] for relationship between cos« and z.
v [1] for simplest expression.

Let a = cos™!(z—1). Hence cosa = z—1.
Draw a right Z triangle with adjacent side
to a of length x — 1 and unit hypotenuse.

1—(z—1)2

r—1

.sin (cos™! (v — 1)) =sina

I
A G-t @D
=v2-2)z

LAST UPDATED AUGUST 30, 2016
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Question 13 (Lawson) Atz =0

(a) (2 marks) y=tan e’ =tan"'1

_r

| o= ™ h

9 — 42
Finding the gradient at = 0:
2z
= — sm < > +C
2 3 dy el

1
dr  1+e0 2

(b) (3 marks)
Applying point-gradient formula,

v’ [1] for correct relationship between
differentials.
s
v' [1] for correct primitive. Y~ _ 1
v [1] for final answer. z—-0 2
m_1
YTy
s 1 n T
n . — — —
/ e’ dae YTty
0 V3 + et
iii. (1 mark) As x — oo, € — o0.
With substitution u = 3 + e*: Hence y = tan™" (¢*) — 5.
du
pi e’ (d) i. (2 marks)
du =€ dx
=0 wu=3+¢" =4 /tan22xdx—/sec 2:6—1 dz
— - In5 _ 1
r=Inb u=3+e"" =38 :5 tan2x —x + C

/ln5 e gy — u=8 d_u
o V3+er T Jums Vu ii. (3 marks)
_ /8 u_% du v' [1] for changing subject to z, and
limits of integration along y axis.
{ 1 8 v' [1] for correct primitive

v [1] for final answer.

(c) i. (2 marks)

y = tan"! (&%) When 2 = /3, y = %tanfl V3= 5
dy 1 ot Changing subject from z to y:

_ = —— X CE = —_—
dr 14 (ev)? C T ltex

Yy = B tan~ !z

ii. (2 marks) 9y = tan~' z

v’ [-1] for each newly introduced
€ITor. . x = tan2y

NORMANHURST BOYS’ HIGH SCHOOL LAST UPDATED AUGUST 30, 2016
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Volume by rotating along y axis: ii. (2 marks)
b v' 1] for correct vector diagram
Vi=mn / 72 dy v [1] for magnitude and direction of
a velocity.
:w/6tan22ydy When t = 1:
(1 - i =30V3
= —tan2y—y] s on ‘
[2 0 y=30—10¢t -
1 _
=7 | =z tan r_r =20
2 3 6
- @ a Drawing vector (j’iagram,
A A =
e 5
Finding the volume of the cylinder, = 30V3
‘/cylinder = 7TT2h ’1)2 = (20)2 + (30\/5)2
2 7
:W(\/g) xS = 400 + 2700
B 2 = 3100
2 = 10v/31 ms™*

Volume generated (shaded): Finding the angle at £ = 1

V= ‘/cylinder -W 20

2 tanf = ——
:1_<w<§_z>> M= 503
2 2 6 0 — 2103/

_ 472 7T\/§
62 2 (b) i. (2 marks)
= 2n° W_\/g v [1] for integrating to obtain 3v?
3 2 v' [1] for showing required result.
Question 14 (Gan)
(a) i. (2 marks) i =—dz+4
v’ [1] for identifying parameters for )
maximum height. Integrating,

v [1] for finding value of maximum 1
height. 5?)2 = /(—436 +4) dx
Maximum height occurs when ¢ = 0:

=22 +4x+C
y = 30t — 5t o — 42?4 82 4 Cy
§=30—-10t =0
- 10t = 30 Whent=0,0v2=4x3=12, 2 =0:
t=3
12 = —4(0) + 8(0) + Oy
Substitute into y: Oy =12

y =30(3) — 5 (3%) s =42 + 8z + 12

=90 — 45 = —4 (2 — 27 - 3)
= 45m = —4(z - 3)(z +1)

LAST UPDATED AUGUST 30, 2016 NORMANHURST BOYS’ HIGH SCHOOL
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ii. (2 marks)
e Extremities of motion at x = 3
and x = —1.
Centre of motion at x = 3;21 =1
Amplitude a = 2

iii. (3 marks)
v' [1] for obtaining completed square
form

v 1] for obtaining an inverse
trigonometric primitive

v'[1] for correct equation

Completing the square,

v2:—4(:c2—2x+1—4)
=—4((x—1)?%-14)
=4(4-(z-1)%
Sov =124 — (z—1)2
As v is non determinant due to

initial conditions, assume positive
root and perform separation of

variables:

dzx

— =2/4— (x—1)2

g (x-1)

d
< —2dt
4—(x—1)2

Integrating,

/%:/th

1
sin~ <x2 >:2t+03

When t =0, x = 0:

s
03——8
- :sin(2t—z)
6
:czl—l—?sin(%—%)

Alternatively, given the initial
velocity was not defined in terms
of direction, students may have
obtained a different phase shift when

performing the steps above and
assumed a negative root. This

. 27
results in x = 2cos | 2t — 5 + 1.

Alternatively, sketch a graph
assuming a cosine as the sinusoid
with centre of motion at x = 1, and
use initial conditions ¢ =0, x = 0 to
find the phase shift:

x=2cos(2t +a)+1

When t =0, x = 0:

0=2cosa+1
B 1
cosa = 2
27
o= —
3
27
x:2005<2t—|—?>+1
Y
3,,
1,,

1 1 1 \
AV SV
(1 mark)

e 0OQ=1

o tang = %
(3 marks)

d
v' [1] correct derivative —¢

. do
v [1] for finding T — .
de
1] for finding —.
v [1] for finding o

NORMANHURST BOYS’ HIGH SCHOOL
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P
\\ 0
_ A7 1.5ms™
7 1
p LN 0 1
I x >
do dz
dz dt
do
dt
Applying chain rule,
d¢  do " dz
dt  dx = dt
Given tan ¢ = %, rearranging to find
do
dx’
¢ = tan ™! (afl)
d 1
—¢ = — 3 X —z72
dv 1+ (z71)
I B
R e |
1
37

1

Using the 6 — ¢ chain,

6 =2¢
dh
..d¢_
d_do o
dt  d¢ = dt
3
X_
2 x 37

= —% rad/s

LAST UPDATED AUGUST 30, 2016
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