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2017 TRIAL HSC EXAMINATION

Mathematics Extension 1

General Instructions Total marks — 70
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Section I

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 Consider the polynomial P(x)=3x’+3x+a.
If Xx—21is a factor of P(X), what is the value of a?

(A) =30
(B) -18
©) 18
(D) 30
2 Let ¢, Band y be the roots of P(x)=2x>—-5x>+4x-9.
Find the value of l+l+l.
a B 7y
5
A —
(A) 5
5
B -
(B) 9
4
C —_
© 9
4
D -
(D) 9



Which expression is equal to Jsin2 2xdx?

(A) l(X—lsin4xj+c
2 4
1 .

(B) 5(X+—sm4x)+c
1 1 .

(©) —(X——sm4xj+c
2 2
1 .

(D) 5(x+—sm4xj+c

Which of the following is equivalent to SIn X ?
I—cosx
X
A tan| —
@ (2]
X
B —tan| —
®) 2]
X
C cot| —
© 2]
X
D —cot| —
® 4]
Wh h fy———iz——ﬂ
at are the asymptotes o (X+1)(X—=2) ‘

(A) y=0,x=-1x=2

(B) y=0,x=1,x=-2

(C) y=3,x=-1,x=2

(D) y=3,x=Lx=-2



Which of the following is the range of the function y = 2sin™ X+ g?

If P divides the interval AB internally in the ratio m:n, in what ratio does A
divide the interval BP?

(A) (m+n):—n
(B) (m+n):—-m

(C) -n:(m+n)

(D) -m:(m+n)

What is a general solution of tan260tan 8 =1?

(A) 2n7ri§ where N is an integer.
(B) (6n il)% where N is an integer.
(C) (4n il)% where N is an integer.
(D) 2n7ri% where N is an integer.



9

10

In the diagram below, AB is the tangent to the circle at B and ADC s a straight
line. If AB: AD =2:1, then what is the ratio of the area of AABD to the area of

ACBD?

(A) 1:2
B) 1:3
(C) 1:4
(D) 2:3

In the figure below, AB is a vertical pole standing on horizontal ground BCD,
where ZCBD =90°. If the angle between the plane ACD and the horizontal ground
is @, then what is the value of @ closest to?

A

(A) 45°
(B) 53°
(C) 62°
(D) 69°

End of Section 1
—6—



Section I1

Total marks — 60
Attempt Questions 11-14
Allow about 1 hour 45 minutes for this section.

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11 to 14, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet.

(a) Differentiate tan”' \/; with respect to X. 2

(b) Consider the function f(x)=1+ for x> 3.
(1)  What is the range of f(x)? 1
(ii)  Find the inverse function f'(X) and state its domain. 1
X+1

dx. 3

(c) Use the substitution U=3+X to find

V34X

(d) Solve 4 > l 3
X+2 X
. 1—cos2 )
(e) Find hH(}C—OZSX. Show all working. 2
X— X

€y} (i)  Neatly sketch the graph of y=sin"' X.

(i) By considering areas on the graph in (i), find the exact value of 2
1

2 5
sin” xdx.
0

End of Question 11

S



Question 12 (15 marks) Use a SEPARATE writing booklet.

(a) During the early summer months, the rate of increase of the population P of
cicadas is proportional to the excess of the population over 3000. The rate can

be expressed by the differential equation (:j—ltj = k(P —3000) where t is the time

in months and K is a constant. At the beginning of summer the population is
4000 and one month later it is 10 000.

(i)  Show that P =3000+ Ae" is a solution of the differential equation,

where A is a constant.
(i) Find the value of A.

(iii) Show that the value of K is log, 7.

(iv) After how many weeks will the population reach half a million?

(Assume 52 weeks in a year).

(b) The angle between the line 4X+3Yy =8 and the line ax+by+c=0 is 45°.
Find the possible values of the ratio a:b.

Question 12 continues on page 9



(c) The graph of y = 1 is shown below.

VI+4x?

1

Ji+4x’

the X—axis and the lines X = —% and X :73. Find the exact volume of the

The shaded region in the diagram is bounded by the curve y =

solid of revolution formed when the shaded region is rotated about the X —axis.

(d) (i)  Express 3sin X++/3cosX in the form Asin(X+ ), where 0 < a < %

(1) Hence, or otherwise, sketch the graph of y =3sin X+ V3 cosx where
0<x<27.

End of Question 12



Question 13 (15 marks) Use a SEPARATE writing booklet.

(a) The acceleration of a particle as it moves in a straight line is given by
2
X . . . .
?:IT =—12cos2t where X is the displacement in metres of the particle from

the origin at time t seconds. The particle starts from rest at the point X =3.

(i)  Find the displacement, X, of the particle as a function of t.

(i) At what time is the particle at X =0, and moving towards its

initial position?

(b) In the diagram below, the straight line ACD is a tangent at A to the circle with
centre O. The interval AOB is a diameter of the circle The intervals BC and
BD meet the circle at E and F respectively. Let ZBAF = f.

A C D

g E

(i)  Explain why ZABF =90°— 4.

(i) Prove that the quadrilateral CDFE is cyclic.

Question 13 continues on page 11
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(c) A ball on a spring is moving in simple harmonic motion with a vertical
velocity V cms™ given by V' =—8+24y—4y* where Y is the vertical

displacement in cm.

(1)  Find the acceleration of the ball in terms of Y.

(i) Find the centre of motion of the ball.

(i11) Find the period of the oscillation.

Bn+1D)(n+2)

(d) (i) Showthat n+(n+1)+(N+2)+....+(2n+1)= 5

(1) Hence prove by mathematical induction that for all integers n > 1,

2

1+(2+3)+(3+4+5)+....+[n+(n+1)+(n+2)+...+(2n—1)]:n?(n+1).

End of Question 13

—-11 -



Question 14 (15 marks) Use a SEPARATE writing booklet.

(a)

(b)

(@

(i)

(iii)

(@

(ii)

Show that the equation of the normal to the parabola X> =4y at the
point P(2p,p’) isX+py=2p+p’.

S is the focus of the parabola X* =4y and T is a point on the

normal such that ST is perpendicular to the normal. Write down

the equation of ST.

Prove that the locus of T is a parabola and state its vertex and focal length.

Show that 1+e™* =

The velocity V of a particle moving along the X-axisis given by

o =1+e™* where X is the displacement of the particle from the origin

dt

in metres. Initially the particle is at the origin.

Find the time taken by the particle to reach a velocity of 1% ms~.

Question 14 continues on page 13

- 12 -



(c) A runner sprints in an anticlockwise direction around a circular track of radius 100
metres with centre O at a constant speed of 5 m/s. The runner’s friend is standing at
B, a distance of 300 metres from the centre of the track.

y

100 !

0 |

The runner starts at S and t seconds later is at point A. The distance AB between
the two friends is | and the distance covered by the runner on the track is L.
Let the angle subtended by the arc SA be 6.

(i)  From the diagram the coordinates of A are (100cos®, 100sin@). 1
Use the distance formula to show that | =100+/10—6cosé .

(1) At what rate is the distance between the friends changing at the moment 4
when the runner is 250 metres from his friend and getting closer to him.

End of paper
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NORTH SYDNEY GIRLS HIGH SCHOOL

2017 TRIAL HSC EXAMINATION

Mathematics Extension 1

SOLUTIONS

Consider the polynomial P(x)=3x’+3x+a.
If x —2is a factor of P(X), what is the value of a?

Answer: A
P(2)=0 3x23+3(2)+a:0
a=-30

Let ¢, Band y be the roots of P(x)=2x>—5x>+4x-9.

Find the value of i + l + l .

a By
Answer: C
4
Prray+af 5 _4
apy 9 9
2

Which expression is equal to J sin” 2x dx ?

Answer: A

Jlsin2 2xdx =%f(l—cos4x) dx

1 1 .
=—| X——sin4X |+C
2 4

Which of the following is equivalent to S X ?
1—cos X
Answer: C
X 2t
Let t =tan (Ej 1+ t2 _ ot
1-t* [+t -1+t




3X .

5 ——
What are the asymptotes of Y X+ D(X=2)
Answer: A
Vertical asymptotes at x =—1, X =2
3x 3
lim ——2% = lim—X% ,
o XD X2 oy 1 % .. horizontal asymptote at y =0
X X x X X
=0
6 Which of the following is the range of the function y =2sin™' X+ %?
Answer: D
T <sintx<Z
~7<2sin”' x< 7
_T osin x4 LT
2 2 2
7 If P divides the interval AB internally in the ratio m:n, in what ratio does A
divide the interval BP?
Answer: B
m n
FT W N
A P B
\ﬂ/
(m + n)
'8 What is a general solution of tan28tand =1?

Answer: B
ﬂx tand =1
1—tan
2tan’ @ =1—tan’ @
3tan’ @ =1

1 V4
‘tanf=t— = tanf=tan| +—
V3 6
T . .
0 =t —+nx where n is an integer

T
= (6n+1)=
(6n1)




9 In the diagram below, AB is the tangent to the circle at B and ADC is a straight
line. If AB: AD =2:1, then what is the ratio of the area of AABD to the area of

ACBD?
Answer: B
B

AB* = ADx AC

4x> = xx AC = AC = 4x )

AABD is similar to AACB (two sides in ratio '
and included angle 4 —5
equal)

ratio of sides 1:2

ratio of areas 1:4

. area of AABD to area of ACBD is 1:3

10 In the figure below, AB is a vertical pole standing on horizontal ground BCD,

where ZCBD =90°. If the angle between the plane ACD and the horizontal
ground is @, then what is the value of tan6?

Answer: D
CD’ =+/8° +8” Pythagoras Theorem

=842

Area 0fABCD=%><8><8

=32
Area ofABCDz%x&/Ex h

.'.%x8x/§xh:32 =h=4/2

tané?zl—5 = 0 ~69°

42




Question 11 (15 marks)

(a)

Differentiate tan”' \/; with respect to X.

itan’lx/; = ! X
o (an™ V)

1
1+Xx 24X
]

Jx(2x+2)

(b)

Consider the function f(X)=1+ % for x> 3.
X —

(1)  What is the range of f(x)?

(ii) Find the inverse function f'(X) and state its domain.

) y>1

2
ii X=1+——

X—lzi

y

-3
2

3=
y X—1
+3 (domain: x > 1)

y_2
x—1

.1I

/

(©

X+1

Use the substitution U =3+ X to find \/3_
+ X

X+1

———dx = ﬂdu
V34X Jﬁ

Uu=3+Xx

X=u-3

1 1
:v[(uz—zuzjdu
X+1=u-2

3 1

—Zu2-2x2u2+C

2 3 L
=—(3+x)?-43+x)*+C

(d)

;éazi X#0,2
A(X+2)X> = (X+2)*X
A(X+2)X> =X(X+2)*>0
X(X+2)[4x—(x+2)]>0
X(X+2)(3x—-2)>0 X#0,2
2

From the graph: -2<x<0 , x2 3




(e) Find lim

1—cos2x

X2

. Show all working.

=2xlim

x—)O( X

=2x1xl1
=2

j X lim(
x—0

sin X

<)

® (@)

Neatly sketch the graph of y=sin"' X.

1

2
(1) By considering the graph in (i), find the exact value of J sin”' x dX.

0

2

(1)

=]

o | =
et

=

1 z
(i1) stin“xdx =%x%—Jésiny dy
0

0

x s
=—+[ COSX
12 .
12 2
_z 3

=L N
12 2




Question 12 (15 marks)

(a) During the early summer months, the rate of increase of the population P of
cicadas is proportional to the excess of the population over 3000. The rate
can be expressed by the differential equation ?j—f =k(P —-3000) where t is
the time in months and k is a constant. At the beginning of summer the
population is 4000 and one month later, it is 10 000.

(i)  Show that P =3000+ Ae" is a solution of the differential equation,
where A is a constant.
(i)  Find the value of A.
(111) Show that the value of k is log, 7.
(iv) After how many weeks will the population reach half a million?
(Assume 52 weeks in a year).
(@ (@  P=3000+Ae" = P-3000=Ae“
LHS =d—P
dt
— kAekt
=k(P—-3000)
=RHS
- P =3000+ Ae" is a solution.
(11)  Whent=0, P=4000
4000 = 3000 + A
A=1000
(iii)  When P =10 000 and t=1, 10 000 = 3000 + 1000e
7000 =1000€*
e =7
k=log,7
(iv) P =500000
500000 = 3000 +1000e"°%’
497000 = 1000e" "’
e’ =497
tlog, 7 =log, 497
(=087 39 319 52~13.83 weeks
log, 7 2

It will take 14 weeks.




(b) The angle between the line 4X+3y =8 and the line ax+by+c=0 is 45°.
Find the possible values of the ratio a:b.

_4 _a
m 3 m, b
_4_(_6)
o 3 b
tan45° = 1 a
I+—x—
3 b
—4b+3a
1=|_3b
3b+4a .. —4b+3a=3b+4a or —4b+3a=-(3b+4a)
3b a=-7b 7a=b
_|_4b+3a| E__7 E_l
~ [3b+4a) b b 7

Ratioof a:b is-7:1 or 1:7




(c) The graph of y = is shown below.

_ L
V1+4x?
The shaded region in the diagram is
1

V1+4x°

X — axis and the lines X = —% and

NG

X = 7 Find the volume of the solid of

bounded by the curve y = , the

revolution formed when the shaded
region is rotated about the x — axis.

V= ﬂi y>dx

V3
2
=£><2{tan"1 2X }
4

1

= %[tan‘l J3—tan™ (—1)}

<)

2
s

24

M‘:nf

[




(d) (i)  Express 3sin X+ J3cosX in the form Asin(X+a), where 0<a < %

(i1)) Hence, or otherwise, sketch the graph of y =3sinx+ V3 cosx where

0<x<2rx.
(1)
3Sil’1X+\/§COSX = Asin Xcosa + Acos Xsin ¢
equating coefficients: Acosa=3 Asina =3
A’cos’a+ Asin*a =12
A =12 =  A=23
Also, Asin o =£
Acosa 3
tana = L = a= z
3 6
3sinx+\/§cosx = 2\/§sin(x+%]
(i1)

23




Question 13 (15 marks) Usea SEPARATE writing booklet.

(2)

The acceleration of a particle as it moves in a straight line is given by
d*x
dt

(1)  Find the displacement, X, of the particle as a function of t.

(1)) At what time is the particle first at x = 0, and moving towards its

=—12cos2t and the particle started from rest at the point x = 3.

initial position?
(1) X=—-12cos2t
12sin 2t
X=- +C
2
=—6sin2t+cC whent=0,v=0 =c=0
X =—6sin 2t
=6C°25t2t+cl whent=0,x=3  =3=3+c, ..c =0
X =3cos2t
(i)
0 !

D . e .\ 3z
From the graph, X = 0 when particle is moving towards its initial position att = a1 seconds.

(b)

In the diagram below, the straight line ACD is a tangent at A to the circle with
centre O. The interval AOB is a diameter of the circle The intervals BC and
BD meet the circle at E and F respectively. Let ZBAF = £.

(i) Explain why ZABF =90°— 4.

(i1)) Prove that the quadrilateral CDFE is cyclic.

(1) ZAFB =90°(angle in a semi-circle) . -
ZABF+£+90°=180° (angle sum of triangle) g E
ZABF=90-p

(ii)

/BAF = ZBEF (angle in the same segment)
=p

/BAD =90° (tangent perpendicular to radius)

In ABAD, ZADB+(90-£)+90=180

ZADB=p

Z/CDF = /FEB=f

.. CDFE is cyclic (exterior angle of a cyclic

quadrilateral)

A ball on a spring is moving in simple harmonic motion with a vertical

—10-




velocity vV cms™ given by V> =-8+24y—4y* where Y is the vertical
displacement in cm.

(1)  Find the acceleration of the ball in terms of . 2
(i1)) Find the centre of motion of the ball. 1
(i11)) Find the period of the oscillation. 1
(1) iii)
Vi =—8+24y—4y? n>=4
lvz——4+12y—2y2 n=2
2 T= 2—” = 2—” = T SeC
n 2
. d 2
LY =—(-4+12y-2y7)
dy
=12-4y
=—4(y-3)
(11) centre of motion is at X =3.
(d) (i) Show that n+(n+1)+(N+2)+...... +(2n+1)=w 1
(i) Hence prove by mathematical induction that for all integers n>1, 3
2
1+(2+3)+(B+4+5) +...+[n+(n +1)+(n+2)+...+(2n—1)]=n7(n+1).
(1) arithmetic series: a=n, 1=(2n+1), number ofterms= (2n+1)—n+1
=Nn+2
SNn+M+D+M+2)+...2n+1) :@(n+(2n+l))
_(Bn+1)(n+2)
2
(i) Prove true for n=1
LHS=1 RHS=%(1+1) =1
LHS=RHS .. true forn=1.
Assume true for n =K.
2
1+(2+3)+(3+4+5)+....+[k+(k+1)+(k+2)+...+(2k—1)]:k?(k +1).
Prove true for n=Kk +1
Required to prove:
2
1+ Q2+3) +. [k +k+D)+.+Ck=D]+[(k+D+(k+D+D+...+ 2k +1)-D]= (k;l) (K+1)+1).
(k+1)°
1+ Q24+3) +.[k+(k+D+...+Ck=D]+[(k+ D)+ (kK +2) +...+ 2k +1))| = 5 (k+2)

LHS = 1+ (2+3) +...+[k+(k+ D) +...+ Ck =D]+[(k + D+ (k+2) +...+ 2k +1)]



2
= k7(k +1)+[(k+1)+(k+2)+...+ (2k +1)] from assumption

from part (i)

:k_z(k +1)+w_k
2 2

_KA(k+1)+3k* + 7k +2 -2k
- 2
CK(k+D)+ Bk +2)(k+1)
- 2
(k+D)[ k*+3k+2]
- 2
(k+D(k+1)(k +2)
- 2
_(k+1)*(k+2)
- 2
=RHS
Hence, if the result is true for n =k, then it is true forn =k +1

.. the result is true for all N >1by mathematical induction



Question 14 (15 marks) Usea SEPARATE writing booklet.

(a) (i)  Show that the equation of the normal to the parabola X* =4y at the )
point P(2p,p?) isx+py=2p+p’.
(ii) S is the focus of the parabola X* =4y and T is a point on the 1

normal such that ST is perpendicular to the normal. Write down
the equation of ST.
(ii1)) Prove that the locus of T is a parabola with vertex (0,1) and with focal 3

length % that of the parabola X* =4y.

(1)
x> =4y (focallengtha =1)
=5
dy _x
dx 2
AtP, x=2p, g—y = 27p = p (gradient of tangent at P)
X
.. Gradient of normal = —l

P

Equation of normal:
y—y, =m(X-Xx)
1
y—p*=-—(x-2p)
p

py—p’ =-x+2p
X+py=2p+p’
(i)
Gradient of ST =p
Equation of ST: y = px+1

o Since T is the intersection of ST and
PT
y=px+1 |.... )]
X+ py=2p+ p3}
PY = P>X+ Peveerne 1% p.....3)
X=p+p' —p’x...2)-(3)
X(1+p*) = p(l+p*)
X=p
y=p>+1
.. Cartesian equation of T:
y=x>+1, ie. x> =y-1

Vertex (0,1), focal length a = i



(b)

(i) Show that 1+e™™ =

(i) The velocity V of a particle moving along the X-axisis given by

X =1+e where X is the displacement of the particle from the origin

dt

in metres. Initially the particle is at the origin.

Find the time taken by the particle to reach a velocity of 1% ms.

(i) RHs =2 !
e
|
=— 4 —
e’ e"
=l+e”"
=LHS
.. dx
ii —=1+e*
(i1) a
dt 1
dx 1+e™
1+e*

t:J exdx =log(l+e*)+c
I+e

Att=0,x=0 0=log,(I1+1)+cC =Cc=-log,2
t=1log,(1+e*)—log,2

o 1+e*
ge2

whenv:é, §:1+e’X
2 2

—X

e :% =e"=2 = x=log,2
when x = log, 2, t =log, (1+€"*)—log, 2

3
=log, —
Eey

It will take log, (%j seconds.

—14-—



(©)

A runner sprints in an anticlockwise direction around a circular track of radius 100
metres with centre O at a constant speed of 5 m/s. The runner’s friend is standing
at B, a distance of 300 metres from the centre of the track.

D
w
4 ¢

300

The runner starts at S and t seconds later is at point A. The distance AB between
the two friends is land the distance covered by the runner on the track is L.
Let the angle subtended by the arc SA be 6.

(i)  From the diagram the coordinates of A are (100cos®, 100sinf).

Use the distance formula to show that | =100+/10—6cos@ .

(i) At what rate is the distance between the friends changing at the moment
when the runner is 250 metres from his friend and getting closer to him.

4

i
X A (100co0s8,100sin ) B (300,0)
2 =(IOOcosl9—300)2 +(100sin 6 - 0)°
=100%cos* @ —2x100x300cos & +300” +100sin> &
=100 (cos” @ +sin’ 0) +300” - 2x100x300cos 0

| =/100000 — 60000 cos &

=100+10—-6¢cos@

(if) dL _ 5 dl _ 600sin@
dt dd 2410-6cosé
L =1008 (arc length) = 3—; =100

dl d do dL
—_— =X — X —
dt do dL dt
600sin & 1
= X
2J10—6¢cos® 100
B 15sin @

B V10—6c¢cos@
When | =250, 250=100+/10-6cos@

2
(éj =10—-6c¢cosd :>cosH:§
2 8

x5

—15 -




p

100 250

7N,
N

@1s in the 4th quadrant.

V39 8

cos@=§, sinez—T J_“E

39

The distance between the two friends is decreasing a rate of ms = 4.7 ms

—16 —
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