Conics

The conic sections were first discovered by the Greeks about 350 — 400BC

They again came into prominence at the time of Galileo and Kepler, but it
was not until the work of Descartes and de Fermat in the 1600’s that the
curves were described algebraically.

|
T Generally there are two Conics
m questions in the HSC.

You will need to know how to find the
eccentricity and how to find focal
points, the equations of directrices and
asymptotes, etc

You will need to be able to derive the
equations of chords, tangents and
normals.
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Examples 2 2

1. A conic has the equation AN A
k 2k-3
Find the value of k if the equation represents:

(i) a hyperbola with focii on the x axis.

k>0 2k —3<0
2k <3
3 3
k<> O<k<—
2 2
(i1) an ellipse with its major axis along the x axis.
k>2k -3 2k —3>0
—k>-3 2k >3
k<3 3
k>§ §<k<3
2




2. Find the eccentricity, foci and directrices of AN A |
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e? = 2 >
a
e2 _ 16_9
16
e? =L
16
o7
4

NG
. eccentricity = "
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Ni;
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3. A hyperbola in standard form has a vertex at (5,0) and a focus at
(-8,0). Find:

a) Its equation b) the eccentricity
a=5 ae=8 ... 8
eccentricity = —
e =8 5
8
e=—
5
2 _ Aa2(n2
b*=a (e 1) c) the equations of the asymptotes
64
p? = 25( : j
25 yo+V39y
: 39 S
b =25 —
25
=39
2 2

LA S |
25 39




Parametric Coordinates

1. Circle

X=acosd y =asiné
2. Ellipse

X=acosd y =bsiné
3. Hyperbola

X =asecH y=Dbtané




. X° Y
For ellipse alz+b2=1

tangent at (x, y,)

XX VY
e

normal at (x,, y,)

a’x b’y _ 2y
XN

tangent at (acos @, bsin 9)

xcos@+ ysing
a b

1

normal at (acos@&,bsin9)

ax by

. :aZ_bZ
cos@d sind




2 2

Xy
For hyperbola 22 =1
tangent at (x,, Y, )
Xlx . yly — 1

a’> b’

normal at (x,, y,)

2 2
ax b
DY a2 p?
X Y

tangent at (asecd,btan 0)

xsecd ytand _
a b

1

normal at (asecd,btan )

AN R B
secd tand
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Examples
1 P(xl,yl) 1s a point on the ellipse %%%3— =1 with focus S and directrix & . The
a

tangent at £ meets the directiix at {J .
b

N

ol
(1) Szhow 2that the equation of the tangent at P is ):;;( + y12y =1
x>y
+—=1 t P(X,, 2
32 b2 a (Xl yl) 2 Y-V, :_b2X1 (X—Xl)
2X 2V dy y:_ﬁ 2 2.2 azyl 22
a.2 T b2 .dX:O dx a2y1 ayy—-aly =-D X1X+b X
oy dy 2 b*x,x+a’y,y =b*x> +a’y;
P oxa XX Y%V
dy  bix a> b*> a® b’
&:_aTy X1X_|_y1y:1

a> b?




(i1) Find the cooraclzlinates of Q

when x=2,8 "4 g
e a b
Wi_q1 %
b* ae ,
, blae=x) . QLa : <ae—xl>j
aey, e aey,
(iiii) Prove that ~/PSQ =90 b*(ae—x,) 4
m, = A=Y Mog = — )1
X, —ae a_ae
. Y1 2 N
— b*(ae—x,) e
X, —ae = X 2
aey, a—ae
b*(ae—x,)

az(l—ez)y1



b*(ae—x,)

- /PSQ =90°

az(l—ez)y1

But b? =a’(1—e?)



Chord of Contact

-aK Q?Xz’ il(z)

Take external pointas T(x,,Y,) and the tangents from T touch the
ellipse at P(x,,y,)and Q(x,,Y,)

XX VY,Y
;2+ =1

Equation of tangent at P is

T lies on the tangent, coordinates of T must satisfy its equation.

X;)Z(O 4+ yézlo :1




Not only is this the condition for (X, ¥o) to lie on X12(+ ylzy =1, but
it is the condition for (X,,Y,) to lie on XoX iy 1a

a.2

1.e. P lies on this line.

Similarly, T lies on tangent TR, leading to a similar condition for Q
lyingon %X Yo¥ _4
a2 b’

Thus|—-+-2==1| must be the equation of line PQ.

i.e. Equation of the chord of contact from (X, ¥o)

Example
Prove that the chord of contact from a point on the directrix is a focal

chord.

AsT ison the directrix it has coordinates (a’ yoj l.e. X, = R
e



a
X _
.. chord of contact will have the equation; (ej Wo _q
a.2 + b2
X n W;o _1
ae b

Substitute in focus (ae,0)

% 10=1+0
ae

=1

. focus lies on chord of contact
l.e. it 1s a focal chord




Some Geometrical Properties

For any ellipse the sum of the focal lengths iIs a constant.
A

M ' | I:)(X’y)l‘l\/l
/./2\ >
a NS

__4a a
X . g2
e

By definition of an ellipse;

PS + PS’ =ePM +ePM’
=e(PM +PM’)

e

= 2a




Example
For any hyperbola the difference of the focal lengths is a constant.

A yA

Mo | M
>// P(x,y)
S’(-ae,y RS(ae,O)

Lol )

a
X=—— X=—

By definition of a hyperbola; ©  °

XY

PS'-PS =ePM' —ePM
=e(PM'-PM)

2




Reflection Property

Tangent to an ellipse at a point P on it is equally inclined to the focal
chords through P.

Prove: /SPT = ZSPT'\
Construct a line || y axis passing through P

T _PN tio of int ts of || lin
5T/~ PN’ (ratio of intercepts of || lines)
PT _PT’

PN PN’



ePN=PS and ePN'=PS’

PT PT’
""PS ~ PS'
e e
PT PT’
PS PS’

/PST = /PST"'=90°

-.sec ZSPT =sec ZS'PT'
/SPT = ZS'PT'

(proven earlier)



Rectangular Hyperbola
A hyperbola whose asymptotes are perpendicular to each other

x2—y2:a2

The rectangular hyperbola with x and y axes as aymptotes,

has the equation; 1
2
Xy==-a
Y 2
where;
foci:(+a,*a) directrices: x+y = ta
eccentricity =~/2
Parametric Coordinates c
X =Ct y = ;

Tangent: x+t"y = 2ct Normal: t*x —ty = c(t4 —1)




L_ocus questions in the HSC will be restricted

Example to the rectangular hyperbola

1. P(ct,ﬂ lies on the rectangular hyperbola xy = c”

a) Show that the normal at P cuts the hyperbola again at the point Q with
coordinates (_ c —ct3j
3 ]

C
y—ﬁ t y—¥:t2(x—ct) xy=—t£3><—ct3
X ty —c=t’x—ct* _ 2
dy -c -
dy: . t°x -ty =ct* —c
o q , Q also lies on the
when x = ct, Yy _ _2C2 when y = —ct’ hyperbola, so the
dx ct 3% +ct =ct? —c normal intersects
__1 B the hyperbola at Q
t? T
C
X= _t_3

. Q1son the normal



b) Hence find the coordinates of the point R where the normal at Q cuts
the hyperbola again. [ A

R\(le ’C(fj) ()

¢) The normal at P meets the x axis at A and the tangent at P meets the y
axis at B. M is the midpoint of AB. Find the locus of M.

A A:y=0 t3X=C(t4—1) B:x=0 t°y=2ct

clt* -1) y:E
B = t
P {
M r 4 A
A c(t" -1
/0 »- I\/I< ( - ),£> C 4
X 2t t cl| = | -1
\ J C y
t=— Xx=






2006 Extension 2 HSC Q4c)

Let p( p,lj , Q(q,;'j and R(r’ﬂ be three distinct points on the

hyperbola xy =1
(1) Show that the equation of the line, |, through R, perpendicular to PQ is

y = PaX— par + L1
- 1
r Mag = y—"=pa(x—r)
q-p r
p—q Y= = pax—par
_ P .
q-p Y = pax— par +
_-1
po

(i1) Write down the equation of m, through P, perpendicular to QR.

y=Qgrx— pqr+;




(i11) The lines | and m intersect at T. Show that T lies on the hyperbola.
1 A

= pgx— pqr + - y
y = POX—pqgr+ " \

y=qrx—pqr+;

Q
0=(pq-qrjx+ - T\ N
rp \\

r-p
—r __ '
alp—rx="
-1 —qr 1
X=— Yy=__—par+— -1
par par P Xy =——x=pqr
-1 1 PAr
=~ par+-— =1
P P
=—pqr . T lies on the hyperbola

.'.T(_l,— pqr]
par



2002 Extension 2 HSC Q3b)

The distinct points P(Cp,cj and Q(cq,c are on the same branch of

g
the hyperbola H with equation xy = ¢ The tangents to H at P and Q

meet at the point T.
(i) Show that the equation of the tangent is X+ p°y = 2cp

C 1
y——=-"(x-cp)
p P’
p*y —cp =—X+Cp
X+ p°y =2cp




(i) Show that T is the point(chq, eC j

P+q p+q
2
X+ p°y =2cp x+ 2P = 2Cp
X+ 0%y =2¢ P+Q
4y=- 2¢p(p+q)—2cp?
2 2\, _ B X=
(p?-g)y=2c(p-q) 0+Q
y = 2¢ _ 2cpq (2cpgq  2c
- o T |
P+Q p+q p+q p+g

(111) Suppose P and Q move so that the tangent at P intersects the x axis
at (cq,0). Show that the locus of T is a hyperbola, and state its
eccentricity.

(cq,0):cq=2cp x=

2cpx2p y 2C

D+2p p+2p
q:2p 4 2 2
_4cp _<C o = 8¢
3 3p Y=g

. locus of T is the rectangular hyperbola xy = 8% with eccentricity = /2




1998 Extension 2 HSC Q5a)
P(4 p,4> and Q(4q,4j where p > 0 and g > 0, are two points on the

P g
hyperbola xy =16.
(1) Find the equation of the chord PQ.
4 4
a o 4 -1
Moo = 4 b y——=—(x-4p)
49—-4p P Pq
4p—-4q pay —4q =-x+4p
_bg X+ pay =4(p+0q)
4q9-4p
_-1

- pg



(ii) Prove the equation of the tangent at P is X+ p°y =8p

16 4 1
y="" y— == (x—4p
; == oz (x=4p)
dy -16 )
dx X2 Py—4p=-Xx+4p
2y —
when x = 4p, %Y _162 X+ Py =8p
X 16p
1
P
(i11) The tangents at P and Q intersect at T. Find the coordinates of T.
2
X+ p’y=8p L =8p
— . 8p(p+q)-8p
(p*-0*)y=8(p-q) p+Q

y= O _ 8pg [ 8pg 8
= - T |
P+Q p+q p+q p+q




(iv) The chord PQ produced passes through the point N(0,8). Find the
locus of T.

9\

(0,8):8pg=4(p+q)

8\l p . 4(pp++qq)
X=4
T\ % >
0 Q\ X However tangents could only
meet in the area between the x
axis and the hyperbola

~.thelocusis x=4,witharangeof 0<y<4




