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• Reading time — 5 minutes

• Writing time — 3 hours

• Write using black pen.
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• All questions may be attempted.

Section I – 10 Marks

• Questions 1–10 are of equal value.

• Record your answers to the multiple
choice on the sheet provided.
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• Questions 11–16 are of equal value.

• All necessary working should be shown.

• Start each question in a new booklet.
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choice answer sheet.
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ordered pile.

• Hand in a booklet for each question
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attempted.

• If you use a second booklet for a
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• Write your candidate number on this
question paper and hand it in with your
answers.
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booklet for Question Eleven.
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SECTION I - Multiple Choice

Answers for this section should be recorded on the separate answer sheet

handed out with this examination paper.

QUESTION ONE

Given z = i is a zero of P (z) = z4 + z3 + az2 + z − 6, what is the value of a?

(A) −5

(B) 5

(C) −7

(D) 7

QUESTION TWO

A hyperbola centred on the origin with eccentricity 2 has foci at (6, 0) and (−6, 0).
What is its Cartesian equation?

(A)
x2

27
− y2

9
= 1

(B)
x2

36
− y2

4
= 1

(C)
x2

9
− y2

27
= 1

(D)
x2

4
− y2

36
= 1

QUESTION THREE

Consider the curve with implicit equation x3 − y3 + 3xy + 1 = 0. Which of the following

is the correct expression for
dy

dx
?

(A)
y2 + x

x2 − y

(B)
x2 + y

y2 − x

(C)
y2 − x

x2 + y

(D)
x2 − y

y2 + x

Examination continues next page . . .
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QUESTION FOUR

Suppose w is one of the complex roots of z3−1 = 0. What is the value of
1

1 + w
+

1

1 + w2
?

(A) −1

(B) 0

(C) 1

(D) 2

QUESTION FIVE

The polynomial P (z) with real co-efficients has a zero z = 1 + 3i. Which of the following
quadratic polynomials must be a factor of P (z) ?

(A) z2 − 2z − 8

(B) z2 + 2z + 8

(C) z2 + 2z − 10

(D) z2 − 2z + 10

QUESTION SIX

An object of mass m falling under gravity experiences a resistive force R proportional to
the square of its velocity, that is R = mkv2. Which expression best describes the object’s
terminal velocity?

(A)
√

g + k

(B)
√

gk

(C)
√

g − k

(D)

√

g

k

Examination continues overleaf . . .
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QUESTION SEVEN

x

y

3

3

4

4

y x x= 4 - 2

y x=

The graph above shows the region enclosed between the curves y = 4x − x2 and y = x.
This region is rotated about the line x = 4 to create a volume which can be evaluated
using cylindrical shells. Which of the following integrals will give the correct value for this
volume?

(A) π

∫ 4

0

(4 − y)2 dy

(B) 2π

∫ 3

0

x(3 − x)(4 − x)dx

(C) 2π

∫ 3

0

x2(3 − x)dx

(D) 2π

∫ 3

0

x2 − x2(4 − x)2 dx

QUESTION EIGHT

Graph
One

Graph
Two

a b x

y
y f x= ( )

a-a b-b
x

y

Graph One drawn above shows y = f(x). Graph Two shows a related graph. Which one
of the following equations would give Graph Two?

(A) y = −f(|x|)
(B) |y| = f(−x)

(C) −y = |f(x)|
(D) y = −|f(|x|)|

Examination continues next page . . .
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QUESTION NINE

x

y

A

B

C

D

In the Argand diagram, ABCD is a square and the vertices A and B correspond to
the complex numbers u and v respectively. Which complex number corresponds to
the diagonal BD?

(A) (u − v)(1 − i)

(B) (u − v)(1 + i)

(C) (v − u)(1 + i)

(D) (u + v)(1 − i)

QUESTION TEN

Which of the following integrals is equal to

∫ 2a

0

f(x)dx ?

(A)

∫ a

−a

f(x − a)dx

(B)

∫ a

−a

f(a − x)dx

(C)

∫

a

0

f(x + a) + f(x − a)dx

(D)

∫ a

−a

f(2a − x)dx

End of Section I

Examination continues overleaf . . .
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SECTION II - Written Response

Answers for this section should be recorded in the booklets provided.

Show all necessary working.

Start a new booklet for each question.

QUESTION ELEVEN (15 marks) Use a separate writing booklet. Marks

(a) 2Use integration by parts to find

∫

x sin xdx.

(b) Let z = 1 − i and w = i
√

3 − 1.

(i) 1Express zw in the form a + ib, where a and b are real.

(ii) 2By expressing both z and w in modulus–argument form, write zw in
modulus–argument form.

(iii) 1Hence find the exact value of sin
5π

12
.

(iv) 1By using the result of part (ii), or otherwise, calculate
[

(1 − i)(i
√

3 − 1)
]6

.

(c) Find:

(i) 1

∫

x√
4 + x2

dx

(ii) 2

∫

x2 − x + 3

x − 1
dx

(iii) 2

∫

1

x2 − 6x + 13
dx

(d) 3The quartic polynomial P (x) = x4 + 3x3 − 6x2 − 28x − 24 is known to have a zero of
multiplicity 3. Factorise P (x) completely.

Examination continues next page . . .



SGS Trial 2018 . . . . . . . . . . . . . Form VI Mathematics Extension 2 . . . . . . . . . . . . . Page 7

QUESTION TWELVE (15 marks) Use a separate writing booklet. Marks

(a) (i) 3Sketch the region in the complex plane which simultaneously satisfies

0 ≤ arg(z − 2) ≤ π

3
and |z − 2| ≤ 1.

Clearly label the coordinates of any corners of the region, indicating if they are
included in the region.

(ii) 1Hence find the greatest value of arg z.

y

x

x y
= 1

3 2
+

22

(b)

A camping tent is shown has an elliptical base
x2

3
+

y2

2
= 1. Cross sections

perpendicular to the base are equilateral triangles. The diagram above shows the base

and one such triangle. All units are in metres.

(i) 2Show that a typical cross-sectional area is given by 2
√

3

(

1 − x2

3

)

square metres.

(ii) 1Hence find the volume of the tent in cubic metres.

(c) (i) 2Show that the normal to the hyperbola xy = c2 , c 6= 0, at P

(

cp,
c

p

)

is given by

px − y

p
= c

(

p2 − 1

p2

)

.

(ii) 2The normal at P meets the hyperbola again at Q

(

cq,
c

q

)

. Find q in terms of p.

(d) The polynomial equation x4 − 8x3 + 16x2 − 1 = 0 has roots α, β, γ and δ.

(i) 2Find the monic polynomial equation with roots (α−2), (β−2), (γ−2) and (δ−2).

(ii) 2Hence, or otherwise, solve x4 − 8x3 + 16x2 − 1 = 0.

Examination continues overleaf . . .
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QUESTION THIRTEEN (15 marks) Use a separate writing booklet. Marks

(a) Sketch each of the following loci in the complex plane.

(i) 2z2 − (z)2 = −8i

(ii) 22|z| = z + z + 4

(b) 4Use the substitution t = tan x

2 to show that

∫

π

3

0

sec xdx = ln(2 +
√

3 ).

(c) The polynomial P (z) = z3 + az + b has zeroes α, β and 3(α − β).

(i) 2Show that a = −7α2.

(ii) 1Show that b = 6α3.

(iii) 1Deduce that the zeroes of P (z) are
−7b

6a
,
−7b

3a
and

7b

2a
.

(d) 3Find two numbers whose sum is 4 and whose product is 29.

Examination continues next page . . .
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QUESTION FOURTEEN (15 marks) Use a separate writing booklet. Marks

(a) 4The circle x2 +y2 = 4 is rotated about the line x = 3 to form a torus. Use the method

of cylindrical shells to prove that the volume of the torus is 24π2 cubic units.

x

y

(- -1, )1
e

(1, )3
e

1

-1

e-1
e

a b c

(b)

The function f(x) graphed above has a minimum turning point at (−1,− 1
e
),

a maximum turning point at (1, 3
e
) and a horizontal asymptote at y = − 1

e
.

The x-intercepts are marked a, b and c respectively and the y-intercept is (0, e−1
e

).

Without using calculus, sketch the following curves showing their essential features,
taking at least one-third of a page for each graph.

(i) 2y =
1

f(x)

(ii) 2y =
√

f(x)

(iii) 3y =
[

f(x)
]2

(c) Let In =

∫ a

0

(a2 − x2)n dx, where n is an integer and n ≥ 0.

(i) 3Show that In =
2a2n

2n + 1
In−1, for n ≥ 1.

(ii) 1Hence, or otherwise, evaluate

∫ 2

0

(4 − x2)3 dx.

Examination continues overleaf . . .
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QUESTION FIFTEEN (15 marks) Use a separate writing booklet. Marks

(a) 2By considering the Binomial expansion of (1 + i)n for the case when n is even, show
that:

1 −
(n

2

)

+
(n

4

)

−
(n

6

)

+ ... + (−1)
n

2
(n

n

)

= 2
n

2 cos
nπ

4

(b) A car of mass m kg is being driven along a straight road. The motor of the car provides
a constant propelling force mP , while the car experiences a resistive force of mkv2,
where v ms−1 is the velocity of the car and k is a positive constant. The car is initially
at rest.

(i) 1Show that
dx

dv
=

v

P − kv2
, where x is the displacement of the car from its initial

position in metres.

(ii) 3Show that v2 =
P

k

(

1 − e−2kx
)

. Hence, or otherwise, explain why the maximum

velocity of the car is VM =

√

P

k
ms−1.

(iii) 1Show that the distance required for the car to reach a velocity of 1
3VM is

approximately 41% of the distance required for the car to reach a velocity of 1
2
VM .

(c) (i) 1Use De Moivre’s theorem to show that sin 5θ = 16 sin5 θ − 20 sin3 θ + 5 sin θ.

(ii) 1Hence find the four roots of the equation 16x4 − 20x2 + 5 = 0.

(iii) 2Show that sin2

(

π

5

)

+ sin2

(

2π

5

)

=
5

4
.

(iv) 2Hence show that cos

(

2π

5

)

=

√
5 − 1

4
.

(d) 2Let P (x) be a monic polynomial of degree n with rational coefficients and zeroes
α1, α2, α3, ..., αn. Prove that:

P ′(x) = P (x)

(

1

x − α1
+

1

x − α2
+

1

x − α3
+ ... +

1

x − αn

)

for all values of x, excluding the zeroes.

Examination continues next page . . .
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QUESTION SIXTEEN (15 marks) Use a separate writing booklet. Marks

(a) P (a cos θ, b sin θ) and Q(a cos φ, b sin φ) are distinct points on the ellipse
x2

a2
+

y2

b2
= 1

with eccentricity e. The equation of the chord PQ is

y − b sin φ =
b sin φ − b sin θ

a cos φ − a cos θ
(x − a cos φ) . (Do NOT prove this)

(i) 1If PQ is a focal chord of this ellipse, show that:

e =
sin(φ − θ)

sin φ− sin θ
.

(ii) 3If PQ subtends a right angle at the positive x-intercept of the ellipse at R(a, 0),
show that:

tan
θ

2
tan

φ

2
= − b2

a2
.

(b) (i) 1Sketch y = ex sinx for the domain 0 ≤ x ≤ 2π, clearly indicating the x-intercepts.

(ii) 3Let I =

∫ kπ

(k−1)π

ex sin xdx, where k is an integer. Show that:

2I = (−1)k−1ekπ(1 + e−π) .

(iii) 2Hence find the area bounded by y = ex sinx, the x-axis and the
lines x = 0 and x = 2π.

Examination continues overleaf . . .
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(c) NOTE: The diagram below has been reproduced on a loose sheet so that working may
be done on the diagram. Write your candidate number on the top of the sheet and
place the sheet inside your answer booklet for Question Sixteen.

P

Q

R

Z

X B

Y

C

O
A

C1

C2

A scalene triangle ABC has equilateral triangles ABX, BCY and ACZ constructed
on its three sides. Circle C1 is drawn to pass through the vertices of 4ABX and
has centre P . Similarly circle C2 is drawn through the vertices of 4BCY and
has centre Q. These two circles meet at B and O as shown in the diagram above.

(i) 1Find the sizes of 6 AOB, 6 BOC and 6 AOC , giving clear geometric reasons.

(ii) 1Prove that AOCZ is a cyclic quadrilateral.

(iii) 3Taking R as the centre of circle AOCZ, prove that 4PQR is equilateral.

End of Section II

END OF EXAMINATION
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Bundle this sheet with the rest of question sixteen.

QUESTION SIXTEEN

P

Q

R

Z

X B

Y

C

O
A

C1

C2
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