Algebraic Inequalities

Properties of Inequalities

If a > b then atx > b+x

Ifa> bthen ax > bx forx >0

Ifa>bthenax < bx forx <0

Ifa>b>0thenl<l
a b

Ifa>b>0thena > b

Ifa>band b > cthena > c

Ifa>b>0andc>d >0
then ab > cd

Ifa>b>0andc>d >0
thena+c>b+d

you can add or subtract the same amount to
both sides

you can multiply or divide both sides by a
positive amount

the inequality sign changes when you multiply or
divide both sides by a negative amount

when both sides are positive, the inequality sign
changes when you take the reciprocal of both sides

when both sides are positive, you can square both
sides

inequalities of the same sign can be linked

when both sides are positive, inequalities of the
same sign can be multiplied

when both sides are positive, inequalities of the
same sign can be added




Inequality Techniques

To prove x > y, 1t can be easier to prove x —y > 0

2 2
e.g.()(1995) Prove pg < ¥ g

2
2 2
P2+92_ _ P -2pg+q OR Assumepq>p g
pq = 5
: :
2 2
_(p—9q) 2pg > p’+q
S0 2 0>p>—2pg+q°
p2+q2_ 0>(p—a)’
5 = pq But (p —q)2 > 0 which is a contradiction
2 2
_|_
.‘.pqu 1

2




Start with a known result

(ii)(1994)a) Prove a” +b” +c*> > ab+bc +ac
(a—b) >0
a’—2ab+b* >0
cat+b*>2ab
a’+c* >2ac
b* +c* >2bc
2a” +2b* +2¢* > 2ab+2ac + 2bc

a’+b*+c*>ab+ac+bc

b)lfa+b+c=1, proveaxb+ac+bc<l

a’+b> +c¢* =(a+b+c) —2(ab+ac+bc)
~(a+b+c) —2(ab+ac+bc)>ab+ac+bc

3(ab+ac+bc)<(a+b+c)
3(ab+ac+bc)<1

ab+ac+bc<§




Substitute different expressions into known inequalities

c) Prove%(a +b+c)=3abc

a’+b°+c*>ab+ac+bc
a’+b>+c*—ab—ac—bc>0
(a+b+c)(a2 +b* +c° —ab—ac—bc)ZO
a’+ab® +ac’ —a’b—a’c—abc+a’b+b’ +bc’ —ab® —abc—b’c
+a’c+b’c+c’ —abc—ac® —bc® >0
a+b+c —3abc>0

%( S+ b +c3)2 abc

1 1 1

leta=a’,b=b,c=c’ 0 11
§(a+b+c)2 a’b’c

W | —

%(a+b+c)2 A abc




Arithmetic Mean > Geometric Mean
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n

a,+a,++a
1 2 nzq/ala2
n

d) Suppose (1+x)(1+ y )1+ z)=8, prove xyz <1

(I+x)1+y)1+z)=8
l+x+y+xy+z+xz+yz+xyz=38

%(x—l—y+z)234/xyz AM = GM

x+y+z233/xyz

xy+ yz+xz > 33/(xy vz )(xz)

Xy + yz+xz>33/x*y°z°

2

Xy+yz+xz2 3(3\@)




l+x+y+z+xy+xz+yz+xyz=38

14330z +3Q3/0z) +x2 <8
1+33/xyz +3(3/xyz ) +(@3/xyz) <8
(1+3/xyz) <8

1+3/xyz <2

Yxyz <1

xyz <1
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xyz <1

xyz <1
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(‘Hb)(a bj>2\/_bx2\/z (a+b+c)(5+b+éj23i/%x3i/%

(iii) Prove

=4 =9

1 1 4 1 1 1 9

—+— e

a b a+b a b ¢ a+b+c

1 1 4 .

Z +—2 Replace a witha + b

¢ b7 b with b + ¢

1 l_ 4 cwitha + ¢

a ¢ a+c 1 ) 1 ) 1 . 9
2,22, 4 4 4 a+b b+c a+c 2(a+b+c)
a b ¢ a+b b+c a+c
1 1 1. 2 2 2 2 2 2 .9
s + + + t =
a b ¢ a+b b+c a+c a+b b+c a+c a+b+c

0 2 2 2 1 1 1
S T + <—4+—+—
a+b+c a+b b+c a+c a b c




(iv) a) If a > 0 is a real number, show that a + é > 2

1 1 _iz
a+—22/axa AM>GM OR QF'JQ >0

a
1

a+3>2v1 a—2+-20
a

a+122 a+122
a a

Ifa>0,b>0and c > 0;

b) Show that 2€ + £24 2P 5 ¢
a b C
b a
e
a+b_2
Z4+2>2
¢ b
C
-4 >
b+c_2
Priii4ii4056
a b a c b c
b+(:_|_c+a_|_a+b2 6
a b c
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¢) Show that e Tt 25

s T T =6
Replace a with b + ¢
b with a + ¢
cwitha + b
a+c+a+b n a+b+b+c n b+c+a+c > 6
b+c a+c a+b
22 11+ 241+ 11>6
b+c a+c a+b
2240253
b+c a+c a+b
a b C

3
+—+—2==
b+c a+c a+ 2

Exercise 2D; 2b, 4b, Sa, 8, 11, 12,

13,14, 15,16, 19, 20
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