Relationships Between
Binomial Coefficients

Binomial Theorem (14+x) = Z": "Cxt

="Cy+"Cx+"C,x* +.. +"C,x" +..4+"C x"

e.g. (i) Find the values of;
a)» "C, 1+x)" =) "C.x" Z C, =
k=1 = k=

2
k=0

letx=1; (1+1)"'=) "C1" Z C,=2"-1
k=0

k=1




b) "C,+"C,+"C,+"C, +......
(1+x)" = Zn: "C, x"
k=0
="C,+"Cx+"C, x> +"Cx* +"C,x* +"Cox’ +.....

letx=1; (1+1)'="C,+"C,+"C,+"C;+"C,+"C, +......

2"="C,+"C,+"C,+"C,+"C,+"Cs +...... (1)
letx=-1; (1-1)"="C,~"C,+"C,~"C,+"C,~"Cs +......

0="C,~"C,+"C,~"C,+"C,~"C, +...... (2)
subtract (2) from (1)
2" =2"C +2"C, +2"C +......




C) Zn: k"C,
k=1

1+x)' =) "C.x"*

=
Il S
e

Differentiate both sides
n(l+ x)n_1 = Z k"C x*

letx = 1; n(1+1)" Zk”’C
n(2)"” =(0)'C, + Z k"C,
b=

ik”Ck =n(2)""
k=1




(ii) By equating the coefficients of x" on both sides of the identity;

n n 2n
show that: (1+x)"(1+x) =(1+x)

i(njz ~(2n)
ioo\k (n!)”
(1+x)" = Z "C, x"
k=0
="C,+"Cx+"C,x* +..+"C,_x"+"C_x""'+"C x"
coefficient of x" in (1+ x)"(1+ x)"

n n n 2 n n-2 . n n-1  n n
( Co+ Cx Cox"+..+C ,x""+C _x" +Cx )

x("Cy+"Cx+"Cox® +.. +"C x4 C X" +"C x")
_|” nx”+nx S e I N
0 )\ n 1) \n-1 2 n—2
n n—2 n 2 n n—1 n n n n
+...+ X X+ X x+|  |x
n—2 2 n—1 1 n 0




_ n\ n
coefficient of x" = (Oj{

wal ][,

coefficient of x” in (1+ x)

2n

(145" = (3”’) +(21”]x+[

, 2n
coefficient of x” :( j

n

2n
2




Now (I+x)" (1+x)" =(1+x)"

(i11) 2020 Extension 1 HSC Question 14a)
a) Use the identity (1 + x)°" = (1 + x)"(1 + x)"

to show that (2;1) (n)z (n)z (n)z
= + o
n 0 1 n

where 7 1s a positive integer

this is essentially the same as the last example



b) A club has 2n members, with » women and » men.

A group consisting of an even number (0, 2, 4, ..., 2n) of members
1s chosen, with the number of men equal to the number of women.

/
Show, giving reasons, that the number of ways to do this 1s \ 2”)
n

\
# ways of choosing £ men from a group of n men = (Z )
Similarly;

# ways of choosing £ women from a group of » women = (n)

# ways of choosing £ men from a group of » men and

choosing k£ women from a group of n women = (”) X (n)



n

2
Total ways of choosing the same number from both groups = Z (Z)

k=20

6

¢) From the group chosen in part b), one of the men and one of the
women are selected as leaders.

Show, giving reasons, the number of ways to choose the even number
of people and then the leaders 1s

n) nY n)
2 2 2
(1) e 2(2) + e (2

2
# ways of choosing the leaders = (Z) X k X k



! 2
Total ways = Z k2 ( ”) (note: £ = 0 not possible as you
et k must have someone to choose)

2\ N\ 2\
2 2 2
= + +
1 (1) ’ (2) " (n)
d) The process 1s now reversed so that the leaders, one man and one

woman, are chosen first. The rest of the group is then selected, still
made up of an equal number of women and men.

By considering this reversed process and using part b), find a simple
expression for the sum in part c).

By choosing the leaders first you will always have n possibilities for
the male leader and n possibilities for the female leader

To complete the group we must now choose k£ - 1 men from the

remaining # — 1 men n—1
1.e. (k B 1) ways



and the same for the women
n

Total = 2(n1)2
ota ways—Zn P

k=1

2 2 2
_ 2(n—-1 2( n—1 2 n—1
—n( 0 )Jrn( | )+...+n (n—l)

Exercise 15D;
1,2,4,5,6,7,9,11,12
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