nth Roots Of Unity (z" =+1)

The solutions of equations of the form, z" = £1, are the nth roots of unity

When placed on an Argand Diagram, they form a regular » sided
polygon, with vertices on the unit circle.

eg. z =1
z:ci{”ﬂgm} k=0,+1,42
, 27 . 2m . 4r . 4rx
z = cis0,cis—,cis ———,cis—,CiSs ——— dr  Va L2
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b) (i ) If wis a complex root of z°> —1 =0, show that ®”,®’,»* and ®’ are

the other roots.
z>=1 If wis a solution then @’ =1

(cos )5 =1
—1 .. isasolution
(@) =(0*) (@) =()
_12 _1°
—1 =1
. " is a solution . @ is a solution

A complex root
means a non-real
root

=1

4 - .
. 1S a solution

. . 2 3 4 5
Thus if wis aroot then ", w”,®" and @ are also roots

OR 2z =1 If wisasolution then @’ =1
If k € Z then (") = ()
=1"=1

: : 2 4
Thus if wis a root then w*,®’,®" and @ are also roots




(ii)Prove that 1+ w+ @° + @’ + @* =0

o+ + & ot o == (sum of the roots)
a
l+o+o’+0’ +v" =0 (0° =1)
OR o —-1=0 ' NOTE : ]
(@-1)+0+0’+&’ +0*)=0 |@"-1=0

Nto+o’+0’+0' =0 (w#1) _(a)—l)(1+a)+a)2+...+w”_1):0

OR n_
l+o+o’ +o + o AV 1) GP:ra=Lr=w,n=>5
r—1
(o’ -1 S_1=
_ ( 1) —0 (@' -1=0)
a)_
(i) Find the quadratic equation whose roots are @+ »" and @” + @’
a+pB=0+0"+0 +o’ of =(0+0" o’ +o’)
=—1 =0+ +0°+o’

—w 4+ +o+o’

- equationis x* +x—1=0 —_1




¢) If w is a complex cube root of unity, use the fact that 1+ w +w»” =0 to;

(/) Evaluate (1 + )3 (if) Evaluate S >
. l+o l1+o
=(~w) 11
- o’  ®
=-1 —l-w
(iii) Form the cubic equation with roots 1, 1+ @, 1+ ®” T W
-2 -2+ 0+ 0* ) +(1+0+0* +0*)}=0 _w
2
(Z—l)(Zz—Z-I—l):O _lw

22—z +z—z"+z-1=0 —

72 =2z +2z-1=0




d)Solve 22 +z' +2 +z° +z+1 =0

Now z° —1 =(Z—1)(25 vzt + 20+ 27 -I—Z-I—l)
And z° —1 =0 has solutions;

z= czs[zzk} k=0,+1,42.3
22 +z+22+22+1=0

(Z—l)(25 vzt + 20+ 27 —|—1)

=0
(z-1)
26—1=OZ¢1
T T 2r . 2T .
Z = CZS— CZS—— CZS— ClS ———,CISTT
B I S C P W E R B
2 272 272 2° 2 27




¢) 1996 HSC
2T .. 21w
Let ®w=cos—+isin—
9 9

(i) Show that @" is a solution of z” —1 =0, where k is an integer

z' =1
z= cis{zgﬂ(} k=0,1,273.4,5,6,7,8

Z=<CIS——
9

ZIC()k

(ii) Prove that o+ 0" + @’ + 0" + @ + 0° + @' + ©° = -1
9
z —1=0

o+’ +o’ +ot v’ +0’ +0" +@* =0 (sumof roots)

O+ +0 +o' +o0’ +0’+o +0° =-1




T  2r  4Ar
(111) Hence show that cos—cos—cos— =

1

9 9 8
= (z—l)(z—a))(z—a)g)(z—a)z)(z—a)7)(z—a)3)(z—a)6)(z—a)4)(z—a)5)
— (z—l)(z2 —20082—ﬂ2+1j(22 —20054—ﬂz+1j

9 9

(zz —20086—ﬂz+1j(22 —2cosg—ﬂz+1J
9 9

— (z—l)(z2 —2c052—7zz+1j(z2 —20054—ﬂz+1j

9 9

(22 +Z+1)(22 —2C088§Z+1j

Letz=1i

PP —1= (i—1)(—2cosz—ﬂij(—Zcos4—ﬂij(i)(—20058—ﬂij
9 9 9



i’ —1= (i—1)(—2C082—ﬂ.ij(—2COSﬂij(i)(—QCOSS—ﬂiJ
9 9 9

i—1=—i" (i —1)(2cosz—ﬂj(2cos4—ﬂj(2cos8—ﬂj
9 9 9

27T 4 ST
—1=8cos—cos—cos—

27T 47[( ﬂj
—1=8cos—cos—| —cos—
0 9 0

T 27 47
COS—COS——COS— =

1
9 8

Exercise 3C; 1to 4,5ac,6,7,8,9,11,12,13
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