Concavity

The second deriviative measures the change 1n slope with respect to x,
this 1s known as concavity

If f"'(x)> 0, the curve is concave up
If £"'(x)< 0, the curveis concave down

If #"'(x)= 0, possible point of inflection

e.g. By looking at the second derivative sketch y = x* +5x” +3x+2

@:3x2+10x+3 y“/
dzx
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dx d2 R
Curveis concave up when )2/ >0 5 X
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1..6x+10>0 3

5
X>—=

3



Turning Points

All turning points are stationary points.

If #"'(x)> 0, minimum turning point

If #"'(x)< 0, maximum turning point

e.g. Find the turning points of y =x° +x° —x+1

dy =3x" +2x—1
czz’x
d )2/ =6x+2
dx
. : dy
Stationary points occur when o 0
X

ie.3x"+2x—-1=0
Bx—1)(x+1)=0

x:l or x=-1
3
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. (-1,2)is a maximum turning point
2
3

=4>0

(-1)+2

when x = —1,

AN

1 22). . . .
(,j 1S a minimum turning point
3 27




Inflection Points

A point of inflection 1s where there is a change in concavity, to see if
there 1s a change, check either side of the point.

e.g. Find the inflection point(s) of y = 4x° + 6x” +2

2
%zlzx%ux TV axi12
X dx iy
Possible points of inflection occur when 9= 0
ie. 24x+12=0 - ”_l— T T
x:_i 2l 2 2 ©
2 _
.. there 1s a change in concavity d_)z/ (/<) 0 \(7
(—éﬁj 1s a point of inflection dx
. . . dy d’y d’y
Horizontal Point of Inflection; — =0 =0 —5#0
dx dx dx




Alternative Way of Finding

Inflection Points

2
Possible points of inflection occur when fl— 0
X

If the first non-zero derivative 1s of odd order,

3 5 7
dy ;éOord);;éOord{;tOetc
dx’ dx dx

then it 1s a point of inflection

1.6

If the first non-zero derivative 1s of even order,

4 6 8
d’y ;éOord ;tOordZ;tOetc
dx* dx® dx

then it 1s not a point of inflection

1.€
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.. there 1s a change in concavity

(— ;3) 1s a point of inflection

Exercise 4E; 1, 2bc, 3bd, 4a, 6,

7,9, 11, 12ad, 13, 15ad, 16,
17,19 to 23




Inflectwn Points

y=mx+b

a function inflects through its tangent
at that point

let’s investigate a new function

g(x) = f(x) — (mx + b)



g() = /() — (mx + b)
g = ()~ m

') = 1"

g"(¥) = /")

g'(x)=f"(x)
Now

g(a) = f(a) = (ma + b)
i](; (@) —f(a)

1.e. x = a 1s a root of g(x)



g'(a)=f'(a)—m
= m—-m
=(
1.e. x = a 1s also a stationary point of g(x)

we also know that x = a 1s an inflection point of f(x)

. g'(@) = f"(@)= 0
X 1l a | a a
g@[ <0 o |7C
= "(x) /\ - \./

there 1s a change 1n concavity

X = a 1s a horizontal point of inflection of g(x)



All differentiable functions can be represented by a Taylor series
(polynomial of infinite order)

If x = a 1s a horizontal point of inflection of g(x) at this root, then
2(x) can be represented by a Taylor series with a factor;

2%k + 1
(x—a) : kel
2%k + 1

Le.g)=(x-a) O

(x = a 1s an odd-ordered root)

! — " — — 2k —
g@=g'a=..=g (@=0
g2k +1 (@) % 0
otherwise 1t would be a root of order greater than 2k + 1

1.e. the first non-zero derivative 1s the same order as the root



but
f"@)=g"@)=0

/@)= g"(a)= 0

a)=g"(a)=0

2k + 1 2k + 1

f (x) # 0

(@)=g
i.e. if x = a 1s an inflection point of f(x), then the first non-zero

derivative 1s
2k + 1

VAR €Y

a derivative of odd order
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