Deductive Reasoning

An argument 1s valid iff it takes a form that makes 1t impossible for

the premises to be true and the conclusion nevertheless false.

(1) Direct Proof (modus ponens)

(PAP = Q)= 0

PlOl(PANP=0)=>0
T|T| T |T|T|T|T|T|T
T|F| T |F|T|F|F|T|F
F|T| F |F|F|T|T|T|T
F|F| F |F|F|T|F|T|F

(P= A (@=>R)=>(P=>R




¢.g. (1) Prove that if a number 1s odd, then its square 1s also odd

Let n be an odd integer
n=2k+1 , k€L

n’=Qk+ 1Y
= 4]+ 4k + 1
= 2(2k" + 2k) + 1

— 2P+ 1 where P= (2k" + 2k) E Z

hence if n 1s odd, n” is also odd

(11) 2021 Extension 2 HSC Question 15 d)

Prove that 2" + 3" = 5" for all integers n > 2
5" =2 +3)"

. n n n n—1 n n—2 2 n n
—(0)2 +(1)2 3+<2)2 3 +"'+(n)3

>2"+3" VneZ:n>2
thus 5" £2" +3" forn > 2




(111) Prove that the sum of the squares of five consecutive integers 1s
divisible by 5

Ifp,q € Zand g is divisiblebypthen3a n € Z : g = pn

Letq=(1f1—2)2+(n—l)eranr(nJr1)2+(n+2)2 , Nn€LZ
=50 +4+1+1+4

= 51"+ 10
= 5(n" + 2)
= 5P where P= (n2 +2)EZ

hence the sum of the squares of five consecutive
integers 1s divisible by 5




(2) Proof by Contraposition (modus tollens)

(=0 = =P) © (P> 0)

e.g. Prove that if 2" — 1 , n € N, is prime then n is prime
Letn=pgq , p,g€Nandp,q # 1 (i.e. nisnotprime)
2" -1 =21
= (2" -1
= (2" - 1)(1 +2P+ 2%+ L+ 2(‘1‘1)1’)
= PO ,where P=(2-1) # 1
andQ=(1+2p+22p+...+2(ql)p);ﬁ IVP,0€N

~ if n is not prime, then 2" — 1 is not prime

hence if 2" — 1 is prime then n is prime, by contraposition




(i1) 2022 Extension 2 HSC Question 13 a)

Prove that for all integers n with n =3, 1f 2" — 1 is prime, then »
cannot be even.

Let n be an even number >3
i.e.n=2k kEZ : k>2
2n_1=2%_1
=212+ 1)
Now 2f+1>2F 1

and 2F —1>2%-1
— 3 (k=2)

thus 2” — 1 has two different factors, neither of which is 1

~ 1f n 1s an even number then 2" — 1 1s not prime

hence 1f 2" — 1 1s prime then # 1s not even, by contraposition




(3) Proof by Contradiction (reductio ad impossible — indirect proof)

(=(P= Q)= (RA=R) = (P> Q)
PlO (P =0 = RA=R)=> (P =>0)
T | T F T F T|{T|T|T
T | F T F F T|T|F|F
F | T F T F T|{F|T|T
F | F F T F T|F|T|F
e.g. (1) Prove log, 5 1s irrational
Assume log, 5 1s rational
1.e. log, 5 = 2 , where p and g are coprime
p
27=35
21? — 56]

so LHS 1s even and RHS is odd, which is a contradiction
~ log, 5 1s 1rrational




(11) Prove that there are no integers a and b such that 18a + 65 = 1
Assume3da,b€Z:18a+ 6bH =1

18a+ 66 =1
6(3a + b)=1
1
+ Hh ==
3a+ b c
however 3a + b € Z
3a+ b # é, which 1s a contradiction

Thus there are no integers a and b such that 18a + 656 = 1




¢.g. 2020 Extension 2 HSC Question 15
In the set of integers, let P be the proposition:

“If k + 1 is divisible by 3, then &* + 1 is divisible by 3”
(1) Prove that the proposition 1s true
Letk+1=3P , where PEZV k € Z
B l=(k+ DK —k+1)
=3Pk’ —k + 1)
—30 whereQ =Pk —k+1)€Z
Thus if £ + 1 is divisible by 3, then & + 1 is divisible by 3

(11) Write down the contrapositive of the proposition P

If k3 + 1 is not divisible by 3 then k + 1 is not divisible by 3,




(i11) Write down the converse of the proposition P and state, with
reasons, whether this converse 1s true or false

If &3 + 1 is divisible by 3 then £ + 1 is divisible by 3 Exercise 2B:

P = o o _p 1b, 2¢, 3a, 4a,
( Q) © (=20 = =P) 7,10, 12, 16,
P: I3+ 1isdivisibleby3 Q:k+ 1is divisible by 3 17b
3 2
+ 1 =(k+ —k +
k 1 =(k 1)(k2 k+1) Exercise 2C;
= (k + 1)(k +2k2+1—3k) 1,3,4,5,
= (k+ D[k + 1) = 3k] 7,9,11, 13

If k£ + 1 is not divisible by 3 then neither is (k + 1)?
Thus [(k + 1)? — 3k] is not divisible by 3, which means
(k+ D[(k + 1)> — 3k] is not divisible by 3

i.e. If £ + 1 is not divisible by 3 then £° + 1 is not divisible by 3
- If &3 + 1 is divisible by 3 then k£ + 1 is divisible by 3 by contraposition
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