Integration By Parts

judv =uy —jvdu

u  should be chosen so that differentiation makes it a
simpler function.

dv  should be chosen so that it can be integrated



Case 1: polynomial times integratable function

Differentiate the polynomial ---

down to zero

X COS X
e.g. (i) j X COS xdx i ~—
SN X +
= XSINX ——COS X ~~—
= XxsSInx+cosx+c 0 I

(ii)szexdx 22 o
= x’e" —2xe* +2e* +c¢ 2x\e’“—) N
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Case 2: polynomial times non-integratable function

Stop when product of the line is
integratable

(i)jlog xdx
=xInx —jldx

=xlnx—x+c

ii j tan xdx

- dx

— xtan ' x —j
+x

:xtan_lx—%ln(1+x2)+c




(iii)_“x3 log xdx

1 , 1 ¢ ;
=—x"logx——| x"dx
4 8 4-[

:lx4 logx—ix4 +c
4 16

OR
I x” log xdx

=x*logx—x* —3j(x3 10gx—x3)dx

4".x3 log xdx = x* log x — x* +3jx3dx
=x*logx —x" +%x4 +c

= x* logx—ix4 +c

1 1
xlogxdx=—x"loex——x*+¢
I 5 4 5 16




Case 3: two integratable functions

Stop when product of the line is integratable or a
multiple of another line

(O] connt I

—e'sinx + excosx —jex cos xdx e” COS X
. X X - X
--2f e cosxdx = e sinx + e cosx + ¢ o ST X N
X 1 X . 1 X X\_#
e cosxdx = Ee sinx + > e cosx + ¢ e —COSX -
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Other examples

f xdx
Xe

X X
=xe —e tc¢

X

1
= xsin x —f J—dx
2
1 —x
. 1 2
=xsin x +~1-x +¢







Using Euler’s Formula | ¢ = cosd + isin8

¢.g. 2020 Extension 2 HSC Question 13d)
(i) Show that for any integer n, e+ e M0 = 2cos(n0)

ne cos(n@) + isin(nf) + cos(—nb) + isin(—nfd)

1

emH I e—
but cos(—néd) = cos(nf) (even function)

sin(—nf)= —smm(nf) (odd function)

ne" e M = cos(n@) + isin(n @) + cos(nf) — isin(n )

= 2cos(n )




. \4
(ii) By expanding (e’e +e ”9) , show that
cos' @ = %(003(4 0) + 4cos(28) + 3)

2i0 -2i0 —4i 6

4
- - i 4i6 3i0 - i6 9 —3i0
(elg+el)=el+4elel+6e e +4e'%e " + e

4 _4i0

. o ;i
:elﬁ_|_e +4(619+619)+6

£(2c088) = 2cos(48) + 8cos(28) + 6
16c0s" 6 = 2cos(46) + 8cos(20) + 6

cos' @ = é(cos(4 f) + 4cos(28) + 3)
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(111) Hence, or otherwise, find f cos'0d @
0

T

7 ;
f cos'0d 6 = %f {cos(48) + 4cos(260)+ 31d 6
0 0

= l[lsm(4 )+ 2sin(26) + 3 H}
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e.g.

(o

f e'cosxdx = Re e’ (cosx + isinx)dx]

[ .
= Re e’ e dx]

J
s .
= Re el T dx]
J
B [ 1 (1 +i)xj
= Re e T
1 +i
_ %Re((l — el i)x> + ¢
- %ex Re((1 —i)(cosx + isinx)) + ¢

1 :
=5 e’ (cosx + sinx) + ¢
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