Geometric Proofs

Things to keep in mind when using vectors in a geometric proof

* choose a vertex or other key point to represent the origin
* sum (or difference) of vectors creates a triangle

* parallel vectors are multiples of each other
* the angle between vectors can be found using the dot product
* perpendicular vectors have a dot product equal to zero

* vectors can be written as their position vector using “head minus tail”



¢.g. Prove that the diagonals of a rhombus are perpendicular

OABC 1s a rhombus

—> —>
Let OA =g and OC = ¢
Diagonals are OB and AC

—>
OB=a +c
_’ ~ ~
AC=c—a
—>—>
OB-AC=(a + E)(g—g)
=c+Cc —a-a
T2 o T
= |c|” — |

however |a| = ||

—> —>
so OB-AC =0
-~ OBLAC

(sides 1n a rhombus are =)



(ii) Prove Pythagoras’ Theorem

OAB 1s a right angled triangle

—> —>
LetOAzgandOBZQ

AB=b-a 0%
o4’ + OB’ AB’ = p-af
= |ﬁ72 T @2 = (b —a) (b —a)
“bb-2abtaa

however OA4 1L OB
SO a - lz =0
AB"=bb +aa

S = b + laf’
s AB = 0A + OB




(iii) ABCD 1s a quadrilateral, P O, R and § are midpoints of the lines
AC, BD, AD and BC respectively.

What type of quadrilateral 1s PROS? A
treat A as the origin
—> —> —>
et AB=u,AC=v,AD=w R
AP=+AC =1
= — =—V
. 2_’ 2~ —> —» 2» C
BQ = %BD _ %(Vl’, ~u) PR = PA1+AR1 1
= _—yv4—w = —(w —
s 1 ] LW TRy
AR_EAD_EVZ — > — > —»
SQ = SB +BQ
Be-lpc-1l 1 1 1
2 >y (=u) =S —v)rsw —u)=-w —v)

—> —b
s~ PR = SQ
Thus PRQS 1s a parallelogram as a pair of

opposite sides are both equal and parallel




(iv) 2021 Extension 1 HSC Q14c) (ii) . .
In the trapezium ABCD, BC 1s parallel to AD and ‘AC ‘ = ‘ BD ‘

B N C
— 7 "~
A >

—> —> —> —>
Letg = AB ’ZZ, = BC and AD = kBC , where k > 0
Show that 2a b +(1 — k)[b|* = 0

—> > > — > —» —»

AC = AB +BC BD = BA +AD

=ath = —atkb
acl =[]

(@+b)la+b)= (kb —a)(kb —a)

af* +2ab +b| = k'lp* — 2kb a +|al’



|a|2+2a

~~/ .b 2

ah +p = k' - 2kba +laf’
~~ N.N a|

2(k +1)a-b +(1 - k)
2
(k+1)ab +(1 - k)1 +k)

2a-b +(1 — k)

! S

! S

(k>0 ..1+k #0)



(v) 2022 Extension 1 HSC Q13a)
Three different points 4, B and C are chosen on a circle centred at O.

— — —
Leta=0A,b=0B and ¢c=0C. Leth=a +b +c and let H be the

—>
point such that OH=#, as shown in the diagram.

— — .
Show that BH and CA are perpendicular.



— —

BH=#/-5 CA=a-c
.
BH-CA=(2-b)(a-¢)

=(at+¢o)(a—¢)

—adda —cC

Exercise 8D; 1to 4,6 to 8,
10,11, 12
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