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(ii) (1990) ol y =z
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Consider the graph y =+/x
a) Show that the graph 1s increasing for all x > 0
Curve 1s increasing when ? > ()
X
y=Alx atx=0,y=0
dy 1 when x>0,y >0
dx  2-/x
. dy - .
So—>0forx>0 . curveis increasing for x > 0

dx



b) Hence show that;

o

ﬁ+ﬁ+---+ﬁ2]€ﬁdx:§nﬁ

y=+x

As+/x is increasing;

Area outer rectangles > Area under curve
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¢) Use mathematical induction to show that;

ﬁ+ﬁ+---+ﬁ£4n6+3ﬁforallintegersn21

Prove the result is true for n =1

LHS=+1 RH.S = 4(1? S
1

U
6

LHS<RH.S
Hence the result 1s true for n =1

Assume the result is true for n = k, where k € 7

ie. ﬁ+ﬁ+---+ﬁ£4k6+3ﬁ

Prove the resultis true forn =k +1

Proveﬁ+\/§+...+\/k+l—4kT+7\/k+l <0




Proof:

ﬁ+ﬁ+...+\/k+1—4k7+7\/k+ =ﬁ+\/§+...+\/l;—4kT+1\/k+1
< 4k6+ 3‘/__4k6+ 1 /7k+1
:\/(4k+3)2k—(4k+1)\/k+1
6

168 + 24K + 9k — 4k + Dk + 1
6

Jk+ D6K> + 8k + 1)— 1 — (4k + Dk + 1
6

_ Nk + DA6K + 8k + 1) — 4k + Dk + 1

6
O+ D@k + 1 - @k Dk
6
@k Wkt - @k kT
6




.-.ﬁ+\/§+...+\/k+1—4kT+7\/k+l <0

Hence the result 1s true for n = k +1 1f 1t 1s also true for n =k

Since the result is true for n = 1, then itis true Vn € 7 by induction

d) Use b) and ¢) to estimate;
V1++/2 +---++/10000 to the nearest hundred

%Mg ﬁ+ﬁ+..-+ﬁs4”6+3ﬁ

%(10000) 10000 < ~14++/2+---++/10000 < 4(10020)+3 /10000

666700 < 1++/2+---++10000 < 666700
A1 +2 44410000 = 666700 to the nearest hundred




(iii) Prove x > sinx , forx >0
w7t

]-
| T | T X
y = sinx

f(x)=x f(x)=sinx
f'(x)=1 f'(x)=cosx
f0r0<x££,cosx<1 forx>£,sinx£1
2 2 -
. y = x 1ncreases faster than y =sin x S x>sinx , forx > >

. T
x>smx,f0r0<x£5

Sox>sinx , forx>0




(iv) 2023 Extension 2 HSC Question 16 b)
(1) Prove that x > In x, for x > 0

f(x)=x—Inx
, 1
fen=1-—
X
X/ 1
') ==
x . .
stationary points occur when f(x) =0
L&l—lZO
X
x=1
'(1)=1>0

~ (1,1) 1s a minimum turning point
as there are no other stationary points, f(x) =1 for it's natural domain
1.e. x—Ilnx =1 Vx>0

x—1Inx >0
x>Inx




(11) Using part (1), or otherwise, prove that for all positive integers #,

en2 +n > ( n ' ) 2
Note:
arithmetic
series

n>Inn (from part (1) )
(n—1)>In(n—1)
(n—2)>In(n-2)

\ 1.>ln(1)
nt+(n—-1)+(n-2)+...+1>lnn+In(n—1) +In(n—-2) +... +In(1)
%(n—k ) >In[n(n—1)(n—2)...(1)]
n(n+1)>2In(n!)

Exercise 2F; 02+ >ln[(n!)2]

19 39 49 69 89 99
12, 14,17 e” " >(n)? (y=¢€" 1s a continually

increasing function)
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