Dot Product

A vector 1s a line segment 1in both 2D & 3D, the rules and properties
remain the same in both dimensions.
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NOTE: @ 1s acute or obtuse
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Dot Product Properties

1) —fully| =u-v < Jully B) wtv)yu—-v)= uu—vv
- - - -0 0 7 _ T2 T2
= |ul" =
2) Uv=v-u 6) Au-v=Au-v)
3) g-g=x12+y12 M uy=0<uly
= Juf
4) a@tv)=autay 8 uv=+uly] < ulv

(9) |u«][v| > 0 = u and v have the same direction
u|[v| < 0 = u and v have opposite directions




eg (1) Let a, b and ¢ be three 3-dimensional vectors.

Prove that a- (b + c) =a- Q +ta-c
a-(b+¢)
_ (a1£+ a,j+a, @.[(bl te)i+ (b, +c)+ (b, + 03)5}
=a/((b,+c)+ta(b,*+c,)* a(b,+ c,)
=a, b, *+a c t+a,b,ta,c,ta,b,+ a,c,
=(a, b, ta,b,ta,b)+(a,c,+a,c,+a,c,)

=ab +a-c

(1) Prove that the vectors 37 — 2j + 4k and —4i — 8j — k are perpendicular
(31' )+ 4k)-(—4z’ Yy —k)

)=+ (F2)(=8) + ()(=1)

(3
0
(4

(3£—2j + 4k) -8 - k)
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(iii) The point 4 has (non-zero) position vector | b | and the vector 04

C
makes angles a, f and y with the x, y and z axes respectively

{ k-direction By taking a dot product with the three unit
vectors i, j ,k prove that
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2 2 2
cos a+cos f+cosy=1

v letu = ai + bj + ck ;

j-direction

Ui = a
-# j-direction _— / = 2 2 2
! alsou-i = [ullijcosad =«a” + b + c cosa
2
2 2 2 .. 2 b
a=s/a + b+ ccosa  Similarly; cos”f = — 7 >
’ a +b +c
cosza— d 2
2 2 2 2 C
a + b + ¢ CosS Yy = — 2 2
2 2 2 a +b +c
) a +b +c

2 2
cos"a + cos f+ cos"y = — 5
_@ +b +c

2



(iv) 2023 Extension 2 HSC Q15b)

On the triangular pyramid ABCD, L is the midpoint of AB, M is the
midpoint of AC, N is the midpoint of 4D, P is the midpoint of CD, Q 1s
the midpoint of BD and R is the midpoint of BC.
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LetQZAB, c=AC andQZAD

(i) Show thatL_P’=%(—Q+£+@

— > > —>
LP =— AL +AD + DP 2~ ~ 2~

_ B a0+ nd _1
) 2 2
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(ii) It can be shown that MQ = %(Q —c+d)

dNR=L(h+c_d
Prove that and VK= 5(~ te—d)
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LP

2 —> —>
“—IP.LP
=%(—Q+g+@'(—é+£+@
:%(é'%z'z%éﬁ2<—é'£—é°i+~'@)
3B+l + P 2 be-bd e )
similarly

—2 _1/.2, .2 >
MGl =Bl + 1P 1+ 2(-bc+bd — )

:l
4

—*2 2 2 2
R =(1p + 1> +1d > +2(c~bd —cd)



A(|TP) + [0 + [NR) = 31812 + 316 + 31> 2+ b + cd)

48| +[4c)” +[aD|” +[BE + [BD|” +[cD|”
= b2 +1cl> +1d|* +lc—BI> +1d—bI> +1d P
= bl +1cl> +1d |+ (c=b)(c—b) + (d ~b)-(d ~b) +(d ~¢)d —)
= [bI? +1cl? +1d | +1cf> ~2-c + b +id|? ~2b:d +1bf +id)? ~2cd +|ef

=31 +3ief” + 3 -2 +hed +cod)

~a(|£P] + g + WA

Exercise 5C; 1a, 4, 6,9, 11, 14b, 15b, 164a, 18, 20, 21
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