Vector Equation of a Circle

- r

= v,

Is the vector equation of a circle in 2D with;
centre: v

radius= r units

(= x)i+ -y | =

2
(x —x,* + (y —y,)* = ¥ | cartesian equation of a circle

2 )
cos @ +sin =1

2 2

2 2 .2
rcos @ +rsinfd=r
let (x —x,) = rcos@ = x=x,+ rcosé

(y—-y,)=rsinf = y=y, +rsind
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rcos @

rsin @

)

parametric equation of a circle

e.g. Show that (r — 21+ 3j)-(r — 21+ 3j) = 12 represents a circle

and find its centre and radius

(;:-2£+ 3j)-(]:—2£+ 3]') =12

12

23

which represents a circle, centre (2,—3) and radius 2+/3 units




(ii) a) Find a vector equation of the tangent to x? + y? = 25 at the

point (3,4)
y A

-

N

—>
PR = (r—3i—4j)
_’ ~

OP = 3i+4j

—> —> _

PR-OP =0 (radius L1 tangent)

(1— 31—4j>-(3£+ 4j) = 0

b) Find the Cartesian equation of the tangent

((x ~3)i+ (y - 4){)-(3£+ 4]) 0

.
m~.

3x—-3)+4(y—-4)=0
3x-9+4y—-16=0
3x+4y-25=0




3D

Vector Equation of a Sphere

—r

v,

centre: v,

radius= r units

Is the vector equation of a sphere in 3D with;

(= x)i+ 0=y + -z | =7

2
(x—xo)2+(y—yo)2+(z—202=r

cartesian equation
of a sphere

[ x,)

0 rcos fcos @
Yo | + | rcos@sing

\ Zo rsin @

N
[

parametric equation
of a sphere



¢.g. The spheres with equations (x + 2)2 + (y + 3)2 + (z — 4)2 =16
and (x + 2)2 + (y + 3)2 + (z + 2)2 = 25 1intersect at a circle.
a) Upon which plane does the circle lie?
x+2Y +(+3) +(z—4) =16
(x—|—2)2—|—(y—|—3)2—|—(z-|-2)2=25

(z+2) ~(z-4) =9

P4z 44218 - 16=9

12z =21
=1
4

- 7
the two spheres intersect on the plane z = 1




b) Find the centre and radius of the intersecting circle

2
@+2f+@+3f+(%—{)=16

(x+2Y + (y+3) + ?é—m
(2 3y =1

circle has centre (2,3 ,%) and radius = %; units




(11) Find the intersection points of the sphere ‘ r—i—4j ‘ =4 and
theline£=£+2j+3é+ﬂ(£—2ﬁ) ~

i+ 2j 3k A -2k)—i—4j| =4

Ai-2j+ (- 22% | =4

A +4+9-121+41 =16
55— 121-3=0

1244204 oo 6L
A= 10 5
y=2
6251 ol
S z=3 - 3

5 5 5

+ — 24 l - + 24 ]
pts of intersection are[ 2 \/5_1,2,3 2y and{ 1 5J5_1,2,3 el




(i11) Let v be the position vector of a point P on a sphere S with centre C

and radius r, so that Iv - c| = r, where c = OC Do NOT prove this)

a) The equation of the line / through P 1n the direction of the vector m
w=v+ Am

Find the values of 4 that correspond to the intersection of the line /
and the sphere S. Give your answer in terms of v , ¢ and m

P(y) w—c|=r
VK
- 4 v+ Am —c|=r
AT ~ -7
12} 2
C() (v —c)t Am ]y —c)+ Am | =r
- 2 2

(K_g)(z_£)+2/l(z—g)ni -I-/lni-ni =r
v+ 200 —ym = Al =7

P+ 2A(v —¢)m + /12|n1|2 =



240 —¢)m + Xm =0
ARy —c)ym + Am []=0

2m (¢ —
10 o g2y

2
|m |

b) Deduce that the line / 1s tangent to the sphere S 1f and only 1f
m +(v —c) = 0 . Interpret this result geometrically

If / 1s a tangent, then there 1s only one point of intersection

lL.e.w =y
v+ Am =v
~ ~ If the dot product equals
A=0
5 ) zero then the tangent must
m 52 22— be perpendicular to the
|m | _radius.




(iii) 2023 Extension 2 HSC 15¢)
A curve C spirals 3 times around the sphere centred at the origin and
with radius 3, as shown.

A particle 1s mitially at the poimt (0, 0, —3) and moves along the curve
C on the surface of the sphere, ending at the pomt (0, 0, 3).

By using the diagram below, which shows the graphs of the functions
f(x) = cos(mx) and g(x) = V9 — x?, and considering the graph y = f(x)g(x),
give a possible set of parametric equations that describe the curve C.

A4

3

y= /0 / \
2 -
) v = cos(xx)
N \\ 1 Voo
x

N VANY/NA
2

I S

+\y/ 2\ \ls




curve i1s moving fromz=-3toz=3,soletz = ¢
consider f(¢)g(t) = cos(zt) V 9 — ¢
£(0)2(0) = cos(0)V9
=3

whenz=0,x=3, soletx=cos(zt)y9—1¢

the equation of the sphere is x> +)? +z>2=9
cos’(zt) (9 —1*) +y*+ =9
Y2 =9—1> —cos*(nt) (9 —1?)
= (9-)(1-cos’(xr) )

= (9 —¢*)sin?(xt)

y=4sin(zt)y 9— ¢



from the diagram, when 1nitially leaving (0, 0, -3), y <0

~y=—sin(zt)V 9 —¢

thus a possible set of parametric equations for the curve C1s

( )
cos(wt)\ 9—¢?
—sin(zt)V 9 -1
i /

N = =
|

\




Other Common Graphs in 3D

ax + by +cz=d

Y |

Jz 2 2
Z=ANr —X —y

hemisphere, with base on Xy plane

z—a\/x +y

paraboloid, opening cone, opening'in
in the z direction the z direction



hyperboloid of one sheet hyperboloid of two sheets

3sin 5¢
= 3cos 5t

t

helix (spiral)

N




Exercise 5G; 1,2,4,5b, 7, 8,9, 10,

11, 13, 14,15, 17a, 18
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