Simple Harmonic Motion

A particle that moves back and forward in such a way that its
acceleration at any instant 1s directly proportional to its distance from
a fixed point, 1s said to undergo Simple Harmonic Motion (SHM)

Xox

X =kx

¥=-n"x (constant needs to be negative)

If a particle undergoes SHM, then it obeys;

X=—n"x
dv 2x
V—= —n
dx

J vdv = — n2J xdx
0
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V= xnNa —Xx

NOTE V2 20
a‘—x*>0
—a<lx<a

. Particle travels back and forward between x =—a andx=a
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In general;

A particle undergoing SHM obeys

.o 2
X=—nJXx

v =n (a2 _ xz) —> allows us to find path of the particle

X = qacosnt OR x=asinnt

where a = amplitude

the particle has;

: 2z . L
period: T = . (time for one oscillation)
frequency: f = 1 (number of oscillations

I per time period)




e.g. (1) A particle, P moves on the x axis according to the law x = 4sin3¢.

a) Show that P 1s moving in SHM and state the period of motion.

x =4sin 3t
x=12cos3t¢
X =-36s1n 3¢
=—9x
.. particle moves in SHM
72"
3

: . . 21
.. period of motion 1s 3 seconds

b) Find the interval in which the particle moves and determine the
greatest speed.

.. particle moves along the interval -4 < x <4

and the greatest speed is 12 units/s




(i) A particle moves so that its acceleration 1s given by X = —4x
Initially the particle 1s 3cm to the right of O and traveling with a

velocity of 6¢cm/s.

Find the interval in which the particle moves and determine the

greatest acceleration.

dv dy
dx X
I vdv I —4xdx

T =4[]
v =36 =—4x> +36
v =—4x* +72

But v’ >0
—4x*+72>0
x* <18

~_3J2<x<32

when x = 3+/2, i = —4(3@)
=—122

. greatest acceleration is 12+/2 cm/s’




(i17) 2012 Extension 1 HSC Q 13c¢)
A particle 1s moving 1n a straight line according to the equation

X =35+ 6cos 2¢ + 8sin 2t
where x 1s the displacement in metres and ¢ 1s the time 1n seconds

a) Prove that the particle is moving in SHM by showing that

X = — nz(x —C) 0
6cos 2¢ + 8sin 2¢ = 10sin(2¢ + «) -
x =25+ 10sin(2¢t + a) 2
x = 20cos(2t + a) = tan_li
X = —40sin(2t + a) 4
= —4(5 + 10sin(2t + @) - 5) — 0.6435...

= —4(x - 9)

~ particle moves in SHM as itis in the formx = —n" x




b) When 1s the displacement of the particle zero for the first time?

5+ 10sin(2t+ a)=0

. |
2t + @)= — =
sin(2¢t + a) >
T
2t + a = —
7%
T
2t = ——
6 a
t:77r_a
12 2
t=1.5108...

NOTE:

At amplitude;
v=20
a 1S maximum

I
\At centre;

y 1S maximum
a=0

~ particle's displacement 1s first zero after 1.5 seconds




(iv) 2020 Extension 2 HSC Q 13a)
A particle 1s undergoing simple harmonic motion with period g

The central point of motion of the particle is at x =+/3 . When #=0

the particle has its maximum displacement of 2v/3 from the central
poimnt of motion.

Find an equation for the displacement, x, of the particle in terms of 7.

| c . 2J§
I
:_J§ 0 x=~/§ x=3~/§

Particle starts at the amplitude, so the equation is in the form

X = a cosnt + ¢

r=% c=3

27T=73T azzﬁ .°.x=2J§cos6t+~/§
n

n==~6



(v) 2021Extension 2 HSC Q 13d)
An object 1s moving in simple harmonic motion along the x-axis.
The acceleration of the object is given by x = —4(x — 3) where x is
its displacement from the origin measured in metres, after # seconds.

Initially, the object is 5.5 metres to the right of the origin and moving
towards the origin. The object has a speed of 8 ms™! as it passes
through the origin.

a) Between which two values of x 1s the particle oscillating?

x=—-4(x—3)
vﬂ——4(x—3)
dx
fvdv— f(3—x)dx
8
v 1 *
2| "_ 2
[v]8—8 3x—5x O




1964=8<3x%x{)

Vv = 64 +24x — 4x°
but v2 > ()
X —6x—16<0

(x —3)’ <25

5<x-3<5
2 <x <38

b) Find the first value of 7 for which x = 0, giving the answer correct to 2
decimal places.

. 2
from the reference sheet: x = —n(x—c) = n=2,c=3
x =acos(nt+a)+c = froma)a=>5

x = 5cos(2t+a)+3



11 11
hen ¢ = =—; — = +
whent=0,x ) zcosa 3
SCosa=§
c0s0c=l
2
o=21
3
x=0;5cos(2t+ ) +3 =0
Cos(2t+ )
2t+X=21214
3
2t =1.167

t=0.58 (to2 dp)




(vi) 2022Extension 2 HSC Q 15b)
The diagram shows two positions of a single piston in the cylinder
chamber of a motorcycle. The piston moves vertically, in simple
harmonic motion, between a maximum height of 0.17 metres and a
minimum height of 0.05 metres

IUOOmo 1)
0.17m

| i g |l 4 ¥0.05m

1]
MhMaximuom

[il]
MMimmum

The mass of the piston 1s 0.8 kg. The piston completes 40 cycles per
second.

What 1s the resultant force on the piston, in newtons, that produces
the maximum acceleration of the piston?



0.17 0.06

0.11 centre of motionisatx=10.11

0.05

frequency = 40 cycles/second

1
iod = —
perio 20
2w 1
n 40
n= 80rx

motion of the piston can be modelled by

¥=-64007%(x—0.11)



maximum acceleration occurs at the amplitude

1.e. when x=0.05

X, =—64007%(0.05-0.11)
= 38472

E e = MX, 0

= 0.8 x 3847
=3031.942...

A force of 3032 N will produce the maximum acceleration of the piston.

Exercise 6B; 1,5,7, 8,10, 12,13, 17, 18, 21, 23
(start with trig,
prove SHM or are told)

Exercise 6C; 1, 4, 5b, 6b, 8,9, 10, 11, 14 a, b(ii,iv), 16, 18, 19, 23
(start with X =-n’x )
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